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Abstract 

In this paper, I prove a very general extension theorem for log pluricanon- 
ical systems. The strategy and the techniques used here are the same as 
those in [Ts3l ITs6l ITsTl ITs8] . The main application of this extension the- 
orem is (together with Kawamata's subadjunction theorem ([K5])) to give 
an optimal subadjunction theorem which relates the positivities of canon- 
ical bundle of the ambient projective manifold and that of the (maximal) 
center of log canonical singularities. This is an extension of the corre- 
sponding result in [Ts7] . where I dealt with log pluricanonical systems of 
general type. This subadjunction theorem indicates an approach to solve 
the abundance conjecture for canonical divisors (or log canonical divisors) 
in terms of the induction in dimension. 
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1 Introduction 

In this paper, I present a proof of the extension theorem of log pluricanonical 
forms announced in [Ts4( ITs6j . The special case of the extension theorem has 
already been proven and used in [Ts5[ [TsB^cf. [Ts6l Theorems 2.24,2.25]). 
Although the scheme of the proof is very similar to that of |Ts3j , it requires a 
lot more estimates of Bergman kernels and technicalities. 

1.1 Abundance conjecture 

The main motivation to prove such an extension theorem is to investigate the 
pluri (log) canonical systems on a projective varieties. Since the finite gener- 
ation of canonical rings has been settled very recently ( B-C-H-M ), the most 
outstanding conjecture in this direction is the following conjecuture. 
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Conjecture 1.1 (Abundance conjecture) Let X be a smooth projective va- 
riety defined over C. Then Kx is abundant, i.e., 

Kod(X) = v(X) 

holds, where Kod(A) denotes the Kodaira dimension of X and v(X) denotes 
the numerical Kodaira dimension of X (cf. Definition \3.1\) . □ 

Let us explain the geometric meaning of Coniectre 11.11 If v(X) = — oo, it is 
clear that Kod(X) = — oo, since Kod(X) ^ v(X) (cf. Definition 13. ip always 
holds. Hence in this case, Conjecture 11.11 is trivial. Next let X be a smooth 
projective variety with v(X) ^ 0. Then Kx is pseudoeffective. Suppose that 
Kod(A) = v(X) holds. In this case for a sufficiently large m, the rational map 
associated with |m!i£x| gives a rational fibration (called the Iitaka fibration) 

$ := : X >YC F N ™ (N rn := dim | m\K x \) 

with dimF = v(X). Then a general fiber F of $ is a smooth projective variety 
such that 

Kod(F) = v(F) = 0. 

Let h be an AZD of minimal singularities on K x (cf. Definition I2.17P . (Kx , h) 
is considered to be the maximal positive part of Kx ■ Then we see that the cur- 
vature current 0/j of h has no absolutely continuous part on F or equivalently 
(Kx , h) is numerically trivial on F and (Kx ,h)-Cis strictly positive for every 
irreducible curve C C X such that $*(C) 7^ 0, i.e., $ is a numerically trivial 
fibration of (Kx, h). This means that the fibration $ : X — ■ ■ ■ — > Y extracts all 
the positivity of (Kx, h). In this sense, Conjecture II . II asserts that the Iitaka fi- 
bration extracts all the positivity of K x ■ This is the meaning of Coniecture ll.il 

So far Conjecture 11.11 has been proven only in the case of &m\X ^ 3. The 
main reason why we cannot proceed beyond the case of dim X = 3 is that we do 
not know how to construct sections of pluricanonical bundles without bigness. 
Actually the proof of the abundance conjecture in the case of surfaces depends 
on the classification of projective surfaces. And the proof of Conjecture 11.11 in 
the case of projective 3- folds ( [M2l lM3l lK4l IK-M-Mj ) . the key ingredient of the 
proof is the clever use of Miyaoka-Yau type inequality ( |M1| ) . But unfortunately 
this method works well only for the case of 3-folds, because the method depends 
on the speciality of the Riemann-Roch theorem in dimension 3. So these partial 
affirmative solutions of Conjecture [Td] do not lead us any further. Hence it will 
be desirable to find a systematic method to study pluricanonical systems which 
works in all dimensions. 

Let us consider what is needed to solve Coniecture ll.il For simplicity, first we 
shall assume that X is already minimal. Then the Conjecture |TTT| is equivalent 
to the stable base point freeness of Kx by a theorem of Kawamata ( |K2| ). Thus 
the abundance conjecture can be viewed as a base point freeness theorem. 

To prove the base point freeness of some linear systems, especially the case of 
adjoint line bundles, the well known method is to produce log canonical center 
and go by induction in dimension using Kawamata- Viehweg vanishing theorem. 

To solve Conjecture II. 1[ we shall consider a similar approach. Let A be a 
smooth projective variety with pseudoeffective canonical bundle and let h be an 
AZD of Kx with minimal singularities. The strategy is as follows. 
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1. Find a LC center (log canonical center), say S for aKx for some a > 0. 
Here the LC center means a little bit broader sense, i.e., LC center here 
means the cosupport of the multiplier ideal sheaf with respect to a singular 
hcrmitian metric of aKx with semipositive curvature current. We shall 
assume that S is smooth and is a maximal LC center (This can be assured 
by taking an embedded resolution of the LC center). 

2. Use subadjunction theorem due to Kawamata ( Pv5]) to compare the canon- 
ical divisor of the center and Kx ■ 

3. Lift the pluricanonical system of the center (possibly twisted by some fixed 
ample line bundle B on X) to a sub linear system of the pluricanonical 
system of X (possibly twisted by the ample line bundle B). 

If this strategy works, we can see the positivity of {Kx,h)\s dominates that 
of K$- If we have already known the abundance of Ks and the equality 
v(S) = v(Kx\s, h\s) holds, then we see that the positivity of (Kx, h)\s can be 
extracted in terms of the Iitaka fibration of S. Moreover if we are able to con- 
struct the LC center as above through every point of X (this is expected when 
v(X) ^ 1), then we may see that for a general such S above have pseudoeffec- 
tive Ks and the equality v(S) = v(K\\s, h\s) holds. As a consequence, we may 
extract the positivity of (Kx,h) in terms of a family of LC centers. And it is 
not difficult to prove Conjecture [1J] in this case, if we have already proven Con- 
jecture [TTT| for every smooth projective variety of dimension < dimX. Hence 
this strategy can be viewed as an approach to Conjecture II . II by the induction 
in dimension. 

This strategy has been first considered by the author in the series of papers 
[Ell EU E7] . But in these papers, the varieties are assumed to be of general 
type and in this case the LC center S is also of general type. Hence what we 
compare is the volume of Ks and that of (Kx, h)\s and there are essentially no 
analytic difficulties. In fact [H-M, Taj have interpreted |Ts7j in terms of algebro 
geometric languages. 

But in contrast to the case of general type, the case of non general type is 
much harder in analysis. The reason is that there is no room of positivity to 
approximate AZD of Kx by a sequence of pseudoeffective singular hermitian 
metrics with algebraic singularities. This phenomena (loss of positivity) was first 
observed in the work of Demailly ([D]) on the regularization of closed positive 
currents. 

Hence in the case of non general type, we need to provide effective estimates 
to obtain the desired singular hermitian metrics as was observed in [Ts3( IS 1 j . In 
this case the nefness should be replaced by the semipositivity of curvature. 
This is the crucial point to apply the £ 2 -extension theorem which is considered 
to be the substitute of Kawamata- Viehweg vanishing theorem f |Klp in the case 
of varieties of non general type. We summerize the comparison of the cases of 
general type and of non general type in the following table. 
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Case of general type 


Case of non general type 


To produce LC center 


concentration of multiplicities 


? 


Necessary positivity 


nefness 


curvature semipositivity 


To lift sections 


Kawamata-Viehweg vanishing theorem 


L 2 -extension theorem 



The purpose of this article is to implement the steps 2 and 3 of the strategy 
above. At this moment I do not know how to produce LC centers. 

1.2 Main results 

Let us explain the main results in this article. Let X be a smooth projective 
variety and let (L, hi) be a singular hermitian line bundle on X such that @h L = 
C0 on X . We assume that hi, is lowersemicontinuous. Throughout this paper we 
shall assume that all the singular hermitian metrics are lowersemicontinuous. 

Let mo be a positive integer. Let (J <E T(X,Ox(m n L) <8>2oo(^™ )) be a 
bounded global section (cf. Section I2TT1 for the definition of Zoo (/i™ )). Let a 
be a positive rational number ^ 1 and let 5* be an irreducible component of the 
center of LC(log canonical) singularity but not KLT(Kawamata log terminal) 
and (X, (a — e)(ero)) is KLT on the generic point of 5* for every < e << 1. We 
set 

*s = a-logft£°(oto,<To). 

Suppose that S is smooth for simplicity. Let dV be a C°° volume form on X. 

In this situation we may define a (possibly singular) measure e/V^s] on S 
as the residue as follows. Let / : Y — ► X be a log resolution of (X,a(ao)). 
Then we may define the singular volume form f*dV[f*^ s] on the divisorial 
components of f~ 1 (S) (the volume form is identically on the components with 
discrepancy > —1) by taking residue along f~ 1 (S). The singular volume form 
dy[^s] is defined as the fibre integral of f*dV[f*^s] (the actual integration 
takes place only on the components with discrepancy —1), i.e., dV^s] is the 
residue volume form of general codimension. 

Let dVs be a C°° volume form on S and let ip be the function on S defined 

by 

, dV s 

^■■-^dvm 

[dV[^s] may be singular on a subvariety of S, also it may be totally singular 
on S). The following is the main theorem in this article. 

Theorem 1.2 (cf. \Ts5\ Theorem 5.1]) Let X ,S s be as above. Suppose that 
S is smooth. Let d be a positive integer such that d > arriQ. We assume that 
(Kx + dL,e~ v ■ (dV -1 ■ hj) \s) is weakly pseudoeffective (cf. Definition \2.6]) 
and let h s be an AZD of {K x + dL, e"* 3 • {dV' 1 ■ h d L ) \ s ). 
Then every element of 

H°(S 7 O s (m(K x + dL)) ®l(e-* ■ h d L \ s -h™- 1 )) 

extends to an element of 

H°(X, O x (m(K x + dL))®l(h d L )). 

^^Here we have used the convention that ©h^ = \/—ldd log h^. The advantage of this 
convention is that ©h L is always a real current. 
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In particular every element of 

H°(S, O s (m(K x + dL)) ® l(e^ ■ h d L \ s ) ■ I^ieT^-^ ' K~ X Is)) 

extends to an element of 

H°(X, O x (m(K x + dL))®l(h d L ■ h™- 1 )). 

where h is an AZD of K x + dL of minimal singularities. □ 

As we mentioned as above the smoothness assumption on 5* is just to make the 
statement simpler. And it may be worthwhile to note that the weight function 
ip is not necessary when dV^s] is locally L 1 on S and hi, is bounded on S (see 
the proof in Section 7). 

Theorem 11.21 follows from Theorem l 1 . 31 below by using a limiting process (cf. 
Section 9). 

Theorem 1.3 Let X ,S,^>s be as above. Suppose that S is smooth. Let (E, Iie) 
be a pseudoeffective singular hermitian line bundle on X (cf. Definition 00 ). 
Let d be a positive integer such that d > aniQ. Let m be a positive integer. We 
assume that t 

(K x + dL + \s , e~ v ■ (dV~ x ■ hi ■ hg) \s) is weakly pseudoeffective. Let hs 

be an AZD of (K x + dL + ±E \ s , e"f ■ (dV 1 -hf-h™) \ s ). Suppose that h s 
is normal (cf. Definition \2.8]) or 

dim H a (S,Os(A + m£(K x + dL + —E)) \ s ) ® l(h% e )) = 0{t) 

holds for every ample line bundle A on X , where v denotes the numerical Ko- 
daira dimension v num {K x + L + ±E \ s , h s ) of (K x + L + ±E \ s , h s ) 
(cf. Definition \3.4\ ). 

Then every element of 

H°(S,O s ((m+l)(K x +dL)+E)<g>I(e- v -h d L \ s -h%)) 
extends to an element of 

H°(X, O x {{m + 1)(K X + dL) + E)® I(h d L ■ h™±)), 

where h j_ is an AZD of K x + dL + —E of minimal singularities. □ 

As an application of Theorem 11.31 we obtain the following theorem. 

Theorem 1.4 Let X be a smooth projective variety and let D be an effective 
Q-divisor on X numerically equivalent to aK x for some a > 0. Let h be the 
supercanonical AZD of K x (\Ts9$ ) or any AZD of minimal singularities (cf. 
Definition \2. 17\ l . Let S be a maximal log canonical center of (X,D) in the sense 
that S cannot be a proper subvariety of the log canonical center of (X,D). We 
assume that for every rational number < e « 1, {X, (1 — t)D) is log terminal 
at the generic point of S . Suppose that S is smooth and K$ is pseudoeffective. 
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Then for every ample line bundle A and every sufficiently ample line bundle 
B and every positive integer m, there exists an injection 

H°(S,O s (mK s + A)) — 

Ixa&gciH^iX.Oxim^+^Kx+A+B)®!^- 1 )) -> H°(S, O s (m{l+d)K x +A+B))}. 
In particular 

v(K S ) ^ Vasym(Kx\s,h\s) 

holds (for the definitions ofv(K$) and v asym (Kx\si h\s) see Definitions \3. 1\ and 
below). □ 

Remark 1.5 The smoothness assumption of S is not essential in Theorem \1.4\ 
In fact we just need to take an embedded resolution. □ 

The following theorem is a variant of Theoem 11.41 

Theorem 1.6 Let X be a smooth projective variety and let D be an effective 
Q-divisor on X numerically equivalent to aKx for some a > 0. Let h be the 
supercanonical AZD of Kx (]Ts9f ) or any AZD of minimal singularities (cf. 
Defi,nition \2. llty . Let S be a maximal log canonical center of (X, D) in the sense 
that S cannot be a proper subvariety of the log canonical center of (X,D). We 
assume that for every rational number < e << 1, (X, (1 — e)D) is log terminal 
at the generic point of S . Suppose that S is smooth and K$ is pseudoeffective. 

Then for every sufficiently ample line bundle B and every positive integer 
m, there exists an injection 
H°(S,O s (mK s )) 

Im&ge{H a (X,Ox(m(l+d)K x +B)®l{h m - 1 )) -» H°(S, O s (m(l+d)K x +B))} . 
□ 

Remark 1.7 One can deduce Theorem ] 1.6] from Theorem \1.4\ by taking A suf- 
ficiently ample in Theorem \1.4\ But the proof in Section 9 below implies that we 
just need to take B with a continuous metric with semipositive curvature such 
that there exists an injection 

H°(S, O s (mK s )) ^ H°(S, O s (m(l + d)K x + B) ® l(h m \ s )) 

exists for all m ^ 1. Hence the ampleness of B is somewhat irrelevant in 
Theorem ] 1 . 61 □ 

Theorem 11.41 implies that the positivity of K$ is dominated by the positivity of 
Kx (up to a constant multiple). Theorem 1 1.41 is obtained by a similar argument 
as in |Ts5| ITs6[ ITs7j using Theorem 17.11 below and Kawamata's semipositivity 
theorem ([K5, Theorem 2], see Theorem 18.11 below) . 

In Theorem 1 1.41 the presence of h is crucial, even if Kx is assumed to be nef. 
Because in this case, the abundace of K x implies that we may replace (Kx , h) 
by Kx in Theorem 11.41 Hence this is somewhat opposite. 

We note that for a minimal algebraic variety X, the abundance of Kx im- 
plies that Kx is numerically trivial on the fiber of the Iitaka fibration and the 
pluricanonical system comes from an ample Kawamata log terminal divisor on 
the base of the Iitaka fibration ( |F-M| ) . Hence Theorems 11.41 is a supporting 
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evidence of Conjecture 11.11 In fact assuming the existence of minimal models 
for projective varieties with pseudoeffective canonical bundles and the abun- 
dance conjecture, we may easily deduce Theorem II .41 by using the L 2 -extension 
theorem (Theorems l2~2"5l and 1236) . 

The organization of this article is as follows. In Section 2, I collect basic 
tools to prove Theorem ll.21 This section is mainly for algebraists. In Section 3, 

1 define the numerical Kodaira dimension and the asymptotic Kodaira dimen- 
sion of a pseudoeffective singular hermitian line bundle on a smooth projective 
variety and study the relation between the two dimensions. In Section 4, I re- 
late the Monge- Ampere measure of the curvature current of a pseudoeffective 
singular hermitian line bundle to the asymptotic expansion of Bergman kernels. 
This leads us to define the local volume of a pseudoeffective singular hermitian 
line bundles and a natural and very interesting conjecture for the relation be- 
tween the asymptotics of Bergman kernels and the Monge- Ampere mass. This 
direction should be studied in near future. In Section 5, I prove an analogue of 
Kodaira's lemma for big pseudoeffective singular hermitian line bundles. This 
lemma is used in the next section. In Section 6, I prove the dynamical construc- 
tion of an AZD for adjoint type singular hermitian line bundles. The idea of the 
proof is similar to the one in |Ts6] . But it requires a little bit more complica- 
tion. In Section 7, I prove Theorem 17.11 by using the dynamical construction of 
an AZD in Section 6. In Section 8, I prove Theorem 11.41 bv using Kawamata's 
semipositivity theorem (Theorem 18. 1[) and Theorem 11.31 In Section 9, I prove 
Theorem 11.21 combining results in the previous sections. 

2 Preliminaries 

In this section we collect the basic tools. They are standard except Definitions 
l2~Bl2~Sl andl2~2Tl 

2.1 Singular hermitian metrics 

In this subsection L will denote a holomorphic line bundle on a complex manifold 
X. 

Definition 2.1 A singular hermitian metric h on L is given by 

h = e~ v ■ hg, 

where ho is a C°° hermitian metric on L and ip G L\ oc (X) is an arbitrary 
function on X . We call ip a weight function of h. □ 

The curvature current Qh of the singular hermitian line bundle (L, h) is defined 

b y _ 

Oh := ®h + V^ldcV, 

where dd is taken in the sense of a current and we have used the convention 
that O/j = \J — Idd log ho- The L 2 sheaf C 2 (L, h) of the singular hermitian line 
bundle (L, h) is defined by 

C 2 (L,h)(U) := {aGT(U,O x (L)) \ h{a,a) G L\ oc {U)}, 
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where U runs over the open subsets of X. In this case there exists an ideal sheaf 
1(h) such that 

C 2 (L,h) = O x (L)(g>l(h) 
holds. We call 1(h) the multiplier ideal sheaf of (L, h). If we write h as 

h = e~ v ■ ho, 

where ho is a C°° hermitian metric on L and cp £ L\ oc (X) is the weight function, 
we see that 

1(h) =£ 2 (O x ,e-*) 
holds. For (p £ L\ oc (X) we define the multiplier ideal sheaf of tp by 

I(tp) :=£ 2 (O x ,e-v). 

Similarly for 1 ^ p ^ +00, we define 

C p (L,h)(U) := {a£ T(U,O x (L)) \ h(a,a) £ L P £(U)}, 

where U runs over the open subsets of X . In this case there exists an ideal sheaf 
T p (h) such that 

£ p (L,h) = Ox(L)®l p (h) 
holds. We cal\T p (h) the L p multiplier ideal sheaf of (L,h). 

Remark 2.2 It is known that 2(h) is coherent when Oh is locally bounded from 
below by a C°° form (fNf). But it is not clear whether I p (h) is coherent under 
the same condition for p ^ 2. □ 

Example 2.3 Let a £ T(X,Ox(L)) be the global section. Then 

h . = J_ = h Q 

I o- | 2 h (a,a) 

is a singular hemitian metric on L, where ho is an arbitrary C°° hermitian 
metric on L (the right hand side is ovbiously independent of ho). The curvature 
Oh is given by 

O h = 2w(a), 

where (a) denotes the current of integration over the divisor of a. □ 

First wc define the pscudocffcctivity of a singular hermitian line bundle. 

Definition 2.4 A line bundle L on a complex manifold is said to be pseu- 
doeffective, if there exists a singular hermitian metric h on L such that the 
curvature current Oh is a closed positive current. A singular hermitian line 
bundle (L, hi,) is said to be pseudoeffective, if the curvature current Oh L is a 
closed positive current. □ 

An important class of singular hermitian metrics with semipositive curvature 
current is algebraic singular hermitian metrics. 
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Definition 2.5 Let h be a singular hermitian metric on L. We say that h is 
algebraic, if there exists a positive integer mo and global holomorphic sections 
(To, • • • , o~n of moL such that 

N 
i=0 

holds. □ 

Definition 12. 51 is naturally generalized to the case of Q-line bundles in an ovbious 
way. 

Also the following weaker version of pseudoeffectivity is also important. 

Definition 2.6 Let (L, hi) be a singular hermitian line bundle on a smooth 
projective variety X. [L, hi) is said to be weakly pseudoeffective, if there 
exists an ample line bundle A on X such that 

H°(X, Ox(mL + A) ®l{h™)) ^ 

holds for every m ^ 0. A line bundle on a smooth projective variety is said to 
be pseudoeffective there exists an ample line bundle A on X such that 

H°(X,O x (mL + A)) ^ 

holds for every m ^ 0. □ 

Remark 2.7 Let (L,hi) is a pseudoeffective singular hermitian line bundle on 
a smooth projective variety X. Then (L,hi) is weakly pseudoeffective. This 
follows from an easy application of Hormander's L 2 -estimate. □ 

The following definition is useful in this article. 

Definition 2.8 Let {L^hif) be a pseudoeffective singular hermitian line bundle 
on a smooh projective variety X . (L, hi,) is said to be normal, if the set 

E:={xeX\ n(O hL ,x) > 0} 

is containd in a proper analytic set of X , where n(Oh L ,x) denotes the Lelong 
number of the closed positive current Qh L ctt x 

Remark 2.9 By the fundamental theorem of Siu ( r L S0j), E is at most a count- 
able union of subvarieties of X. □ 

2.2 Analytic Zariski decompositions (AZD) 

In this subsection we shall introduce the notion of analytic Zariski decomposi- 
tions. By using analytic Zariski decompositions, we can handle a pseudoeffective 
line bundles like ncf line bundles. 

Definition 2.10 Let X be a compact complex manifold and let L be a holo- 
morphic line bundle on X . A singular hermitian metric h on L is said to be an 
analytic Zariski decomposition, if the followings hold. 

2 Usually I use u instead of n. But in this article, I use n not to confuse with the numerical 
Kodaira dimension or the asymptotic Kodaira dimension. 
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1. 0ft, is a closed positive current, 



2. for every m > 0, the natural inclusion 

H a (X,O x {mL)®l{h m )) -> H°(X,O x (mL)) 

is an isomorphim. □ 

Remark 2.11 If an AZD exists on a line bundle L on a smooth projective 
variety X , L is pseudoeffective by the condition 1 above. □ 

Theorem 2.12 ( \Tsl\ VTs2]) Let L be a big line bundle on a smooth projective 
variety X . Then L has an AZD. □ 

As for the existence of AZD for general pseudoeffective line bundles, now we 
have the following theorem. 

Theorem 2.13 ( W-P-S\. Theorem 1.5]) Let X be a smooth projective variety 
and let L be a pseudoeffective line bundle on X . Then L has an AZD. □ 

Although the proof is in |D-P-S| . we shall give a proof here, because we shall 
use it afterwards. 

Let ho be a fixed C°° hermitian metric on L. Let E be the set of singular 
hermitian metric on L defined by 

E = {h; h : lowersemicontinuous singular hermitian metric on L, 

Oh is positive, — > 1}. 
h 

Since L is pseudoeffective, E is nonempty. We set 

h L = ho- inf 

heE ho 

where the infimum is taken pointwise. The supremum of a family of plurisubhar- 
monic functions uniformly bounded from above is known to be again plurisub- 
harmonic, if we modify the supremum on a set of measure 0(i.e., if we take the 
uppersemicontinuous envelope) by the following theorem of P. Lelong. 

Theorem 2.14 ( Jl\ p. 26, Theorem 5]) Let {ift}teT be a family of plurisubhar- 
monic functions on a domain Q which is uniformly bounded from above on every 
compact subset ofQ. Then ip = sup teT tpt has a minimum uppersemicontinuous 
majorant ip* which is plurisubharmonic. We call ip* the uppersemicontinuous 
envelope of ' tp. □ 

Remark 2.15 In the above theorem the equality i\) — ip* holds outside of a set 
of measure Ofc/.fZJ p. 29]). □ 

In this paper, we shall call the uppersemicontinuous envelope (resp. lower semi- 
continuous envelope) by the upper envelope (resp. the lower envelope) for sim- 
plicity. By Theorem l2.14( we see that h^ is also a singular hermitian metric on L 
with <dh > 0. Suppose that there exists a nontrivial section a € T(X, Ox(mL)) 
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for some m (otherwise the second condition in Definition 2.3 is empty). We note 
that 

log | cr | - 

gives the weight of a singular hermitian metric on L with curvature 2irm~ 1 (cr) , 
where (cr) is the current of integration along the zero set of cr. By the construc- 
tion we see that there exists a positive constant c such that 



holds. Hence 

cr e H°(X,O x (mL) <g> Joc(O) 
holds. Hence in particular 

cr £ H { \X,O x {mL)®l{h^)) 

holds. This means that is an AZD of L. □ 

Remark 2.16 By the above proof we have that for the AZD Hl constructed as 
above, 

H°(X,O x (mL) ^Xooihf)) ~ H°(X,O x (mL)) 
holds for every m. □ 

It is easy to see that the multiplier ideal sheaves of h™(m > 1) constructed in 
the proof of Theorem 2.2 are independent of the choice of the C°° hermitian 
metric ho. The AZD constructed as in the proof of Theorem 12.131 has minimal 
singularity in the following sense. 

Definition 2.17 Let L be a pseudoeffective line bundle on a smooth projective 
variety X. An AZD h on L is said to be an AZD of minimal singularities, 

if for any AZD h' on L, there exists a positive constant C such that 

h^C -ti 

holds. □ 

Remark 2.18 In [Ts9], I have constructed a canonical AZD (the supercanon- 
ical AZD) of the canonical bundle of a projective variety with pseudoeffective 
canonical bundle. The supercanonical AZD is completely determined by the 
complex structure. In the previous papers, I have called an AZD of minimal 
singularities a canonical AZD. Since this may cause a confusion, I have changed 
the name.O 

The following proposition is trivial but important. 

Proposition 2.19 Let h be an AZD of a line bundle L on a compact complex 
manifold X . Suppose that there exists a positive integer mo such that \ moL |^ 0, 
then h is normal. □ 

Proof. Suppose that there exists a positive integer mo such that | moL |^ 0. 
Let x £ M be a point such that rt(0/j, x) > 0. Then X(h m ) x ^ Om,x for every 
m >> 0, by the classical theorem of Bombieri ( |Boj ). By Definition 12.101 this 
implies that 

{x £ X | n(G h , x) > 0} C Supp Bs | m L | 

holds. □ 
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2.3 AZD for weakly pseudoeffective singular hermitian 
line bundles 

Similarly as Theorem 12.131 we obtain the following theorem. 

Theorem 2.20 Let (L, ho) be a singular hermitian line bundle on a smooth 
projective variety X. Suppose that (L,ho) is weakly pseudoeffetive. Then 

E{L, h Q ) := {cp e L} oc {X) | <p ^ 0, Q ho + V^lddtp ^ 0} 

is nonempty and if we define the function ip p 6 L\ oc (X) by 

<pp(x) := sup{(p(x) | ip £ E(L, ho)} (x £ X). 

Then h := e~ VP ■ ho is a singular hermitian metric on L such that 

1. e h ^ o. 

2. H° {X,O x {mL)® T x (h m )) ~ H°{X,O x {mL)®!^ {h 7 n )) holds for every 
m ^ 0. □ 

Proof of Theorem [27201 Since (L, ho) is pseudoeffective, there exists an ample 
line bundle A on X such that 

H°(X,O x (mL + A)®l(h n ))^0 

holds for every m ^ 0. Let hA be a C°° hermitian metric on A with strictly 
positive curvature and dV be a C°° volume form on X. Let 

X m := K(mL + A,h n - h A ,dV) 

be the (diagonal part) of the Bergman kernel of mL + A with respect to the 
inner product 

(a,a r ) := [ a ■ a' ■ h™ ■ h A ■ dV 
Jx 

on H°(X, O x (mL + A) ® l{h%)). 

Let i £ I be an arbitrary point and let (U, z\, ■, z„) be a coordinate neigh- 
bourhood centered at a; such that U is biholomorphic to the open unit ball 
B(0, 1) in C™ centered at the origin via the coordinate. Taking U to be suffi- 
ciently small, we may and do assume that there exist holomorphic frames l 
of A and L on U respectively. Then with respect to these frames, we may 
express h A , hi, as 

h A = e-^ A ,h L = e-^ 

respectively in terms of plurisubharmonic functions ip A ,<p>L on U. By the ex- 
tremal property of Bergman kernels, we see that K m (x)(x £ X) is expressed as 

K m (x) = sup{| a(x) \ 2 \a£ T(X,O x (A + mL)), f \ a | 2 -h A ■ h% ■ dV = 1}. 

Jx 

Let a £ T(X, O x (A + mL)) with 

/ | ao | 2 -h A -K£ -dV = 1 
Jx 
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and | ctq(x) \ 2 — K m (x). Let us write oq = /-e^-e™ on U by using a holomorphic 
function / on U. By the submeanvalue property of plurisubharmonic functions, 
we have that 

I I' = uWn ^^ / ' * f d » 
vol(B(0,e)) J B {o,e) 

^ ( sup e*» ■ e m n ■ (_A_ [ | / | 2 e"^ • e~ mVL dV) ■ ( sup 

= i/l vi ' ( sup eVA ' ' ( sup %) 

vol(B(0,e)) B{0 ,e) B(o,e)dV 

hold, where dp: is the standard Lebesgue measure on C™. Hence there exists a 
positive constant C e independent of m 

K m (x) S C e • sup {h- 1 ■ h- L m ){w) ■ dV 

w£B(0,e) 

holds. Hence taking the m-th roots of the both sides, letting m tend to infinity 
weand letting e tend to 0, we see that 

Koo = limsupif (mL + A, h™ ■ fiA, dV)m 

rn — >oo 

exists and satisfies the inequality 

holds almost everywhere on X. Hence if we set 

hoc := the lower envelope of K^ 1 

is an element of E(L, ho). Hence E(L, ho) is nonempty. The rest of the proof is 
the same as the one of Theorem 12.131 □ 

Definition 2.21 Let (L,ho) be a singular hermitian line bundle on a complex 
manifold X . A singular hermitian metric h on L is said to be an analytic Zariski 
decomposition (AZD) of {L,ho), if the following s hold : 

1. & h ^0. 

2. ff o (X,0 x (mL)<g>Toc(/i m )) ~ iy (X,O x (mL)(8) JooW)) holds for every 
m ^ 0, where 

Ioo(h m ) ~n p ^i p (h m ). 

□ 

Remark 2.22 This definition is slightly different from that in fTs7| /. See Re- 
mark lKTSl for the reason why we use L°° multiplier ideal sheaves instead of the 
usual multiplier ideal sheaves. □ 

Remark 2.23 In Theorem \2.2(A E(L.ho) is nonempty, if there exists a positive 
integer m and a e H°(X,O x (moL) ® ^(/i™ )) such that h^°(a,a) ^ 1. In 
this case 

<p:=—lo g hZ°(a,*) 
mo 

belongs to E(L,ho). □ 
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About the normality of an AZD of a singular hermitian line bundle, we have 
the following proposition. 

Proposition 2.24 Let (L, hi,) be a pseudoeffective singluar hermitian line bun- 
dle on a smooth projective variety X and F be a line bundle on X. Let hp be 
a C°° hermitian metric on F. 

Assume that (L + F,h^ ■ hp) is weakly pseudoeffective and let h be an AZD 
of(L,h L ). 

If Hl is normal and 

H°(X,Ox(m (L + F))®l oo (hZ))j<:0 
, then h is also normal. □ 

2.4 L 2 -extension theorem 

The L 2 -extension theorem is our crucial tool to investigate multi adjoint bundles 
in this article. 

Theorem 2.25 ( \Q- T\ p. 200, Theorem]) Let X be a Stein manifold of dimen- 
sion n, ip a plurisubharmonic function on X and s a holomorphic function on 
X such that ds 7^ on every branch of s _1 (0). We put Y := s _1 (0) and 
Yq := {x £ Y; ds(x) =/= 0}. Let g be a holomorphic (n — l)-form on Yq with 

c„_i / e~^g A g < 00, 
Jy 

fc(fc-i) , — , 

where c& = (—1) 2 (v — 1) • Then there exists a holomorphic n-form G on 
X such that 

G(x) = g(x) A ds(x) 

on Yq and 

c n [ e - *(l+ I s \ 2 )- 2 G A G ^ 1620ttc„_i f e~*g A g. 

□ 

For the extension from an arbitrary dimensional submanifold, T. Ohsawa ex- 
tended Theorem 12.251 in the following way. 

Let A" be a complex manifold of dimension n and let S be a closed complex 
submanifold of X. Then we consider a class of continuous function ^> : X — > 
[—00, 0) such that 

1. *- x (-oo) D S, 

2. if S is fc-dimensional around a point x, there exists a local coordinate 
(21, ... , z n ) on a neighbourhood of x such that Zk+i = ■ ■ ■ = z n = on 
S n U and 

n 

sup I iff(z) — (n — k) log I z j l 2 l< °°- 

U \ S j=k+l 
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The set of such functions \& will be denoted by D(5). 

For each W € tt(/S), one can associate a positive measure dVx[^] on S as the 
minimum element of the partially ordered set of positive measures dfi satisfying 

/ fdfi ^ limsup — — — [ / • • XR(^,t)dV x 

JS k t^oc V2n-2k-l J X 

for any nonnegative continuous function / with Supp / CC X . Here Sk denotes 
the fc-dimensional component of S, v m denotes the volume of the unit sphere in 
jjm+i an j -XRfiB t) denotes the characteristic funciton of the set 

R(t>, t) = {x e M | -t - 1< 9(x) < -t}. 

Let X be a complex manifold and let (E,Iie) be a holomorphic hermitian 
vector bundle over X. Given a positive measure d\ix on X, we shall denote 
A 2 (X,E,hE,d/ix) the space of L 2 holomorphic sections of E over X with re- 
spect to He and efyxx . Let S be a closed complex submanifold of X and let dfj,s 
be a positive measure on S. The measured submanifold (S, dfis) is said to be 
a set of interpolation for (E,h E ,dfix), or for the sapce A 2 (X, E,fiE,dfix), if 
there exists a bounded linear operator 

7 : A 2 (S, E |s, dfi s ) — * A 2 (X, E, h E , dfi x ) 

such that /(/) \s= f for any / 6 -A 2 (5, |g, /ig, d/is). I is called an interpola- 
tion operator. The following theorem is crucial. 

Theorem 2.26 f fUl Theorem 4]) Let X be a complex manifold with a contin- 
uous volume form dVx, let E be a holomorphic vector bundle over X with C°° 
fiber metric h E , let S be a closed complex submanifold of X , let ^ S ti(S) and 
let K x be the canonical bundle of X. Then (S, dVx(^)) is a set of interpolation 
for (E Kx, h E ® (dVx) , dVx), if the followings are satisfied. 

1. There exists a closed set F C X such that 

(a) F is locally negligble with respect to L 2 -holomorphic functions, i.e., 
for any local coordinate neighbourhood U C M and for any L 2 - 
holomorphic function f on U\X , there exists a holomorphic function 
f onU such that f | U\F = f. 

(b) M\F is a Stein manifold which intersects with every component of 
S. 

2. &h E = m the sense of Nakano, 

3. # G ^S)nC°°(X\S), 

4- e _ ' 1+e )* ■ hE has semipositive curvature in the sense of Nakano for every 
e £ [0, 5] for some S > 0. 

Under these conditions, there exists a constant C and an interpolation operator 
fromA 2 (S,E®Kx\sih®(dVx)- 1 \s,dV x m)to 

A 2 (X,E <g> Kx,h® (dVx)^ 1 .dVx) whose norm does not exceed C5~ 3 / 2 . If^f is 
plurisubharmonic, the interpolation operator can be chosen so that its norm is 
less than 2 i ir 1 / 2 . □ 



16 



The above theorem can be generalized to the case that (E, Jie) is a singular 
hcrmitian line bundle with scmipositive curvature current (we call such a sin- 
gular hermitian line bundle (E,He) a pseudoeffective singular hermitian 
line bundle) as was remarked in [O] . 

Lemma 2.27 Let X, S, dV x , dV x [*], (E, h E ) be as m Theorem\EMLet (L,h L ) 
be a pseudoeffective singular hermitian line bundle on X. Then S is a set of 
interpolation for [K x ® E (g> L, dV^ 1 ® Jie ® hi,)- O 

Later we shall use the more general residue volume form dV^] as is intro- 
duced in Section 1.2. Since the proof of Theorem 12.261 in [O] works without 
any change, we shall also apply Theorem 12.261 also for this generalized residue 
volume form too. 

3 Numerical Kodaira dimension of pseudoeffec- 
tive singular hermitian line bundles 

Let X be a smooth projective variety and let L be a line bundle on X . 

Definition 3.1 (fNakl) The L-d imension Kod(L) is defined by 

log dim H°(X,O x (mL)) 
Kod(L) := hmsup : . 

ro->oo log m 

The numerical dimension v(L) of L is defined by 

.. log dim H°(X, O x (A + m,L)) 
v\L) := suplimsup , 

A m-«>o log 771 

where A runs all the ample line bundles on X. We often denote Kod(i^x) by 
Kod(X) and call it the Kodaira dimension of X . And we often denote v(K x ) 
by v(X) and call it the numerical Kodaira dimension of X. □ 

It is trivial to see that Kod(L) v(L) holds. And Kod(L), v(L) are either — oo 
or integers between and dimX. 

The purpose of this section is to define a similar numerical Kodaira dimension 
for a psuedoeffective singular hermitian line bundle on a smooth projective 
variety and study the relation between a numerical property of the singular 
hcrmitian line bundle and the asymptotic property of the powers of the singular 
hermitian line bundle twisted by a sufficiently positive line bundle. 

3.1 Intersection theory for pseudoeffective singular her- 
mitian line bundles 

To intoroduce the notion of the numerical Kodaira dimension of a pseudoef- 
fective singular hermitian line bundle on a smooth projective variety, first we 
define the intersection number. 

Definition 3.2 flTslf ) Let (L, Iil) be a weakly pseudoeffective singular her- 
mitian line bundle on a smooth projective n-fold X. The intersection number 
(L, Hl) 71 ■ X defined by 

(L,h L ) n ■ X := nl ■ limsupTO~"dimH (X, O x (mL) <g> l(h m )). 
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[L, hjj) is said to be big, if(L, hi,) n -X is positive. For a r- dimensional subvariety 
V in X such that hi, \y is not identically +00, we define 

(L,h L ) r ■ V ;= rl ■ limsupm- r dimH°(V, O v (my*L) ® (h L \ v ) m )), 

m — >oo 

where [i : V ► V is a resolution of singularities. (L, Hl) is said to be big on 

V, if (L, h L ) r ■ V > 0(r = dimV) holds. □ 

The well definedness of the intersection number is verified as follows. 

Proposition 3.3 The definition of {L,hh) r ■ V is independent of the choice of 
the resolution n : V ► V . □ 

Proof. Let /1 : V — > V be an resolution and let // : V' be another resolution 
factors through fi, i.e., there exists a morphism <j) : V' — > V such that p! = fj,o(f>. 
Then 

MO V '( K V') ® WT(h WD)) = O v (K v )®l(fi*(h \ v ) m )) 
holds. Hence 

H (V,Oy(Ky+m^L)(g>I(fi*(h \ v ) m )) = H (V',O v ,{K v/ +m(fj,')*L)®l(( t i'y(h \v) m )) 
holds for every m ^ 1. On the other hand 



limsupm- r mM&vP^^^^^t0^M WXfi^vT)) 



m^oo m— >oo 

holds, since 



lim sup m" r dim H°(V,O v (mp* L + A-B)® (h \ v ) m )) 

m— >oo 

= lim sup mT r dim H°(V, O v (my*L) <g> T(y* (h \ v ) m )) 

rn — >oo 

holds for any very ample divisors A and BonV. In fact this can be verified by 
using the exact sequence 

H°(F,0^(m^*i+A)0T(M*(/i \v) m )) -> , 0^(m//*L+A-B)®X(//*(/i |y) m )) 

-> H°(B, Oy(mfi* L + A)) 

, etc. And similar equality holds on V 7 . Hence using the equality JlJ, we 
conclude that 

lim sup mr r dim H°(V, O v {my*L) <g) (ft | y) m )) 

JTi— *0O 

= lim sup in r dim ( V' , O v , (m^* L) ® I((fi')*(h \v) m )) 

rn — >oo 

holds. This completes the proof of Proposition 13.31 □ 
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3.2 The numerical Kodaira dimension and the asymptotic 
Kodaira dimension of a pseudoeffective singular her- 
mitian line bundle 

We shall define the numerical Kodaira dimension and the asymptotic Kodaira 
dimension for pseudoeffective singular hcrmitian line bundles on smooth pro- 
jective varieties. These invariants play the essential roles in this article. 

Definition 3.4 (L, ftj,) be a pseudoeffective singular hermitian line bundle on 
a projective manifold X . We set 

v n um(L, hjf) := supjdim V | V is a subvariety of X such that hh\v is well defined 

and (L,h L ) dimV - V > 0}. 
We call v n um{L : hL) the numerical Kodaira dimension of {L^hif). □ 

The following invariant is more analytic in nature. 

Definition 3.5 The asymptotic Kodaira dimension v{L,hif) of {L,h^) is 
defined by 

v (J h 1 - ,un lim sun bg ^ ° X {A ± mL) ® 

Vasym{l-<,llL) — SUp lim SUp , 

A m— oo lOgm 

where A runs all the ample line bundles on X . □ 

The following example shows that v asym is not necessarily an integer. 

Example 3.6 Let T be a closed positive (1, 1) current on P 1 

i=l j=l 

where {Pij} are distinct points on P 1 . Then there exists a singular hermitian 
metric h on 0(1) such that 9/j = 2nT. Then we see that 

Vasy m {0{l),h) = 

and 

v num (0(l),h)={). 
This implies that v num ^ v asym in general. □ 

3.3 Seshadri constant for a pseudoeffective singular her- 
mitian line bundle 

In this subsection we shall give a criterion of the bigness of a psueodeffective 
singular hermitian line bundles on smooth projective varieties. 
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Definition 3.7 Let X be a smooth projective variety and let H be an ample 
divisor on X . Let {L, hi,) be a psuedoeffective singular hermitian line bundle on 
X . Let x be a point on X . We set 

e((L,h L ),H, X )=M ^ L) c C , 

where C runs all the irreducible curves in X passing through x. We call e((L, hi,), H, x) 
the Seshadri constant of (L,hi) at x with respect to H . □ 

Theorem 3.8 Let X be a smooth projective variety and let H be an ample 
divisor on X . Let (L,hi) be a pseudoeffective singular hermitian line bundle on 
X. 

Then there exists at most countable union of proper subvarieties F such that 
if there exists a point xq S X — F such that 

e((L,h L ),x ) > 

holds, then (L,hi,) is big. □ 

Proof of Theorem 13.81 We say that C is a strongly movable curve, if 

C = /i*(Iin---nI„_0 

for some very ample divisors Aj on X, where fi : X — > X is a modification. 
The strongly movavble cone SME(X) of X is the cone of curves generated by 
all the strongly movable curves on X. Let S be the family of strongly movable 
curves on X. We set 

U := {x € X | For every irreducible component of C, there exists an irreducible member C 

belonging to the component and passing through x.}. 

Then we see that there exists at most a coutable union F of proper subvarieties 
of X such that U = X - F. 

Suppose that there exists a point xq € U such that eo : = e ((L, hi), H, x) > 0. 
Let dV be a C°° volume form on X. Let m be a positive integer such that 
to > 2/eo and let 

H°{X, O x (m L + H)(g> l{h r £ )) 
us consider the inner product 

(a, a') := [ a ■ a' ■ hl£ ■ h H ■ dV. 
J x 

Let K m := K(X, mL + H, h™ ■ hn, dV) be the diagonal part of the Bergman 
kernel with respect to the above inner product. We set 

Then h m is a singular hermitian metric on L + —H with algebraic singularities. 
We note that for every strongly movable curve C passing through xq 

{L + -H 1 h m \C)-C> £ -^H-C 

TO I 
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holds. Since the pseudo-effective cone of X is the dual of SME(X) as in 
[B-D-P-P] . by the definition of U, we see that 

(L + -H,h m )-^H 
m 2 

is pseudoeffective. Letting m tend to infinity, by Lemma T5.41 we see that 

(L-^H,h L -h H ^) 

is pseudoeffective (cf. Definition 12. 4p . Hence (X, fox) should be big. This com- 
pletes the proof of Theorem 13.81 □ 

3.4 Non big pseudoeffective singular hermitian line bun- 
dles 

In this subsection, we shall prove the following vanishing theorem. 

Proposition 3.9 Let [L,hif) be a pseudoeffective singular hermitian line bun- 
dle on a smooth projective variety X. Suppose that is not big and one 
of the followings holds. 

1. L is not big. 

2. L is normal (cf. Definition \2.8\) . 

Then there exists a very ample divisor H on X such that 

H°(X, O x (mL - H) <g> T{N£)) ± 
holds for every m ^ 1 . □ 

Proof of Proposition 13.91 Suppose that there exists a very ample divisor H 
on X such that 

H°(X,O x {mL- H)(g>l{h 7 £)) ^0 
holds for some m ^ 1. Then since H is very ample, we see that 

\H\X,O x {mL)®l{W£)) \ 

gives a birational rational map from X into a projective space. Hence if L is 
not big, then for every very ample divor H, 

H°(X, Ox{mL - H) ® l{hf)) = 

holds for every m ^ 1. 

Next we shall assume that (L, Hl) is normal. If we take H very general, we see 
that 

i{hJE\ H )=x{NE) \ H 

holds for every m ^ 1. This is possible by the following lemma. 
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Lemma 3.10 There exists a smooth member H' e\H\, such that 



i{h%)®o HI =i(h% \ H >) 



holds for every m ^ 1 . □ 

Proof of Lemma 13.101 Let A be a sufficiently ample line bundle such that 
Ox{A + mL))®l{h%) is globally generated for all m ^ 1. Let {aj m) }^i be a 
(complete) basis of H°(X, O x {A + ml)) ® T{N£)). We consider the subset 



of | H | , where oIVf denotes the volume form on F induced by the Kahlcr form 
to. We claim that such U is the complement of at most a countable union of 
proper subvarieties of | H |. Let us fix a positive integer m. Since I{h™) is a 
coherent sheaf ([N]), we see that 



is a Zariski open subset of | H \. In fact this can be verified as follows. Let A be 
a pencil contained in | H | which contains a smooth member. Then by Fubini's 
theorem, we see that a general member of A is contained in U m , unless for every 
general member F of A the set 



is contained in the base locus of A. Hence we see that U m is Zariski dense in 
\H\. Then since U = <~]^ =1 U m , we complete the proof of Lemma fe.lOl □. 

Let us continue the proof of Proposition 13.91 Since [L,hi,) is not big, by The- 
orem [2iH] we see that for a very general x S X, e((L, fti), H, x) = holds. 

Lemma 3.11 There exists at most a countable union of subvarities F such that 
for every i£l-F and 5 > 0, there exists an irreducible curve C on X passing 
through x such that 

1. C is smooth at x, 

2. (L,h L )-C^S-(H-C). 

□ 

By the L 2 -extension theorem (Theorems l2.25l and l2.26p the intersection number 
(L, h^-Ct is lower semicontinuous with respect to the countable Zariski topology 
on A™ -1 . Then since the Hilbert scheme (of X) has only countably many 
irreducible components, by Lemma 13.111 we have the following lemma. 

Lemma 3.12 For every x £ X — F and S > there exist a (n — 1)- dimensional 
family of irreducible curves {Ct}t£A n - 1 P arame t r i ze d A™ -1 and a coordinate 
neighbourhood (U, Zi, ■ ■ ■ , z n ) of x such that 



U := {F e\H\;F is smooth, / | a) m > | 2 -h r £ ■ h A ■ dV F < +oo 



F for every m and 1 ^ j ^ N rn .} 




{xeF\h A -N£\ o-p \ 2 £L} oc (F, x) for some 1 ^ j ^ N m } 
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1. (L,h L ) ■ C t ^ S(H ■ C t ) holds for every t G A n -\@ 

2. zi(x) — ■ ■ ■ = z n (x) = 0, 

3. U is biholomorphic to A™ via the coordinate (z\, ■ ■ ■ ,z n ). 
4- For every t G A n , 

c t n u = { P g u | (z 2 (p), • ■ ■ , z n ( P )) = t} 

holds for every t G A™ -1 . 

□ 

By the assumption E is contained in a proper analytic subset of X, say V. 
Taking H to be sufficiently ample, we may and do assume that is Cartier 
and V is contained in a member H$ of | \ . Let us take S < l/2m in Lemma 
l3~T2l Then since 

AegOcA^L - H)®I{K£ \c t ) < ~ • m • (H ■ C) + \h ■ C < 

2m 2 

hold (because V is contained in a member Ho g| |i? |), we see that 

H {C t ,O Ct {™L-H)®I{h? | Ct ))=0 

holds for every f G A n_1 . By Fubini's theorem and Lemma 21 

H°(X,O x {mL~ H)<g)l{h r l 1 )) = 

holds. We note that H can be taken independent of to. This completes the 
proof of Proposition 13. 91 □ 

3.5 Relation between v num and v asym 

In Example 13. 6[ we have seen that v num and v asym are different in general. 
But in this subsection we shall prove that v num — v asym holds under a mild 
condition. 

Theorem 3.13 Let X be a smooth projective variety and let (L, hi) be a pseu- 
doeffecive singular hermitian line bundle on X . 
Then 

(L,h L ) 

holds. Moreover ifh^ is normal (cf. DeHnition \2.8\) . for every ample line bundle 
A on X, 

dim H°(X, O x {A + mL) 1{K£)) = 0{m v ™ m{L > hL)) ). 
holds. In particular 

(L,h L ) 

holds. □ 
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Remark 3.14 If hi is an AZD of L with Kod(L) ^ 0, then the set 

E:={xeX\ n(e hL ,x) > 0} 

is contained in the stable base locus of L. Hence in this case hi is normal. □ 

Proof of Theorem 13.131 We denote v num (L,hi) by v. Let V be a v di- 
mensional subvariety such that hi \v is well defined and (L\y,hi\ V) is big. 
Let / : Y — > X be an embedded resolution of V. Then replacing (L, hi) by 
/*(!/, hi) we may assume that V is smooth from the beginning. Let A be a 
sufficiently ample line bundle such that every element of 

H°(V,O v (A + mL)<g> T{K£ \ v )) 

extends to an element H°(X, Ox(A + mL) <£> J(h r £)). Then we have that 

log dim H°(X, Ox (A + mL) ®l(h™)) 

v n um{L, h L ) S hmsup - — (2) 

m->oo log m 

holds. Hence we have the inequality 

(L, hi). 

Next suppose that (L,hi) be a normal pseudoeffective singular hermitian 
line bundle on a smooth projective variety X. We shall prove 

,, , v^,. log dim H° (X, Ox {A + mL) ® 1 (h£)) 
v num (L,h L ) Z hmsup -2 i " - J±1L 

m-»oo logm 

holds by induction on n = dimX. 

If n = 1 and (L,hi) is not big, then [L,hi) is numerically trivial. Hence 
Qh L has no absolutely continuous part. Since hL is normal, 



®h L = X! aiPi 



for some effective R-divisor ^ aiPi on X. Hence v num (L, hi) = v aaym {L, hi) = 
holds in this case. 
Suppose that 

.. logdimH (Y,O F (A + mF)® l(hf)) 
Vnum(F, h F ) = hmsup 

m-voo lOgTO 

holds for every normal pseudoeffective singular hermitian line bundle (F,h F ) 
and every sufficiently ample line bundle A on a smooth projective variety Y of 
dimension ^ n — 1 . 

Let X be a smooth projective variety of dimension n and let (L, hi) be a 
normal pseudoeffective line bundle on X. li (L.hi) is big, there is nothing to 
prove. We shall assume that (L,hi) is not big, i.e., 

limsupm- n dimH°{X,O x (mL) (g>l(h m )) = 

m — >oo 

holds. Let H be a sufficiently ample very ample smooth divisor on X. Then by 
Proposition 13. 91 

H°(X,Ox(mL-H)®l(h%)) = (3) 



24 



holds for every m ^ 0. Let G be a smooth member of | 2H |. If we take G 
properly, by the Lemma 13.101 we may assume that 

X{KZ)®O g =X{K% \ G ) 

holds for every m ^ 1. Let us consider the exact sequence 

-> H°(X, Ox(mL - H) <g> T{N£)) -► O x (mi + if) ® 

H°(G, G (mL + H) ® 2(h^)). 

Then by © we have that 

dim/f°(X, O x (mL + H) ® I{h r £)) ^ dim H°(G, <D G (mL + H)®l{h%)). 

Since I(h™ \ G ) — I(h™) \g holds for every m ^ by the choice of G, we see 
that 

log dim + mL)®l{hl 1 )) < log dim ff° (G, Q G {mL + ff) g J(/ffi | G)) 

^m-^L logm = 1 ^^ P logm 

(4) 

holds. By the induction assumption 

logdimff (G,O G (mL + ff)®2:(/ff | G )) 

hmsup - = v num (L \ G ,h L \ G ) (5) 

m-«x> log m 

holds. By the assumption, if we take H sufficiently ample, we see that 

(L,h L ) (L \ G ,h L \ G ) (6) 

holds. Hence combining (J3J) , (J5j) , (JHJ> , we see that 

log dim H°(X, Ox (H + ml) ® )) 
v n um(L,h L ) ^ hmsup (7) 

m-toc fog m 

holds. 

Combining © and (|7|), we see that 

(L,h L ) 

holds. 

By using the construction as above inductively, we find a sequence of mem- 
bers G = Gi, G2, • • • , G„_^ e| 2H I (n := AvcuX, v — v num (L,hL)) such that 

1. d intersects Gi n • • ■ n Gi_i transversally. We set := Gx H • • • fl G, for 
1 ^ i ^ n — f and Xo := X. 

2- /il is well defined for every 1 ^ i ^ n — ^. 

3. J(/i^) | x .= T(/i™ | x< ) for every l^i^n-v. 



dimH°(X h O Xi (H+mL)®l(hZ)) ^ dim H°(X i+1 ,G Xi+1 (H+mL)<g>l(h%)) 
holds for every m ^ 1 and O^i^n — 1/ — 1. 
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5. (L,h L )\ Xn _ v is big. 
Then we see that 

dim H°(X,O x (H+mL)®I(hl 1 )) ^ dimH (X n ^„,O Xl ,(H+mL)®I(hl l |x„_J) 
holds. Since 

dimH°(X n - u ,OxAH + mL)®l(h r £ \ Xn _ J) = 0(m"), 



this completes the proof of Theorem 13.131 □ 

4 Asymptotic expansion of Bergman kernels of 
pseudoeffective line bundles 

The purpose of this section is to extend the asymptotic expansions of Bergman 
kernels associated with positive line bundles on a projective manifold to the case 
of psedoeffective singular hermitian line bundles. 

4.1 Local measure associated with quasiplurisubharmonic 
functions 

The content of this subsection is taken from [G-Zj . Let u, v be bounded plurisub- 
harmonic functions on some domain D in C" . Then 

l{u>v} [dd c u] n = l {u>v} [dd c max(u, v)] n (8) 

holds in weak sense of measure in D ( |B-T| ) , where 

and the operation [<i<i c -] n is the wedge product of closed positive (1,1) cur- 
rent with bounded potential defined in |B-T] . Let (X, uj) be a compact Kahler 
manifold and we set 

PSH(X,u>) = {(p € L\ oc {X) I uppersemicontinuous function on X such that . 

uj v := lu + dd c tp is a closed semipositive (1, 1) current on X}. 

We call PSH(X, uj) the set of uj plurisubharmonic functions. Let ip € PSH(X, uj) 
beaw plurisubharmonic function on X. 

The purpose of this subsection is to define the Monge- Ampere measure as- 
sociated with the closed positive current uj + dd c (p. 

We set ipj := max(<p,—j) e PSH{X 1 uj). We call the sequence {ipj} the 
canonical approximation of if by bounded w-plurisubharmonic functions. This 
is a decreasing sequence and by (jHJ) 

1 W J >k} [w + d^fjY 1 = l{ v> - k } [to + dd c max((pj , -k)] n 

holds. If j > k holds, then {ifj > — k} = {</?> — k} and max(ipj, — k) = ifik 
hold. Hence 

j^k^ l {v> _ j} [uj + dd c ipj] n ;> l {v> _ k} [uj + dd c tp k ] n 



2G 



holds. Since {p > — k} C {pi > — j} holds, we have 



j^k=> l {lp> _ j} [cj + dd c p J ] n ^ l {ip> _ k} [cj + dd c (p k ] 



We set 



d^i v := lim 1{ v> _j} [u + dd c 




This is a positive Borel measure which is precisely the non-pluripolar part of 



can take any value in [0, J x to 11 ]. This phenomena is caused by the escape of the 
measure toward the pluripolar set of p. 

4.2 Local volume of pseudoeffective singular hermitian 
line bundles 

Let X be a projective manifold of dimension n and let (L, h^) be a pseudoef- 
fective singular hermitian line bundle on X. 

Definition 4.1 In the above notation, we define the number fi(L,hL) by 



is called the volume o/(L,/il). □ 

Definition 4.2 Let (L, hr,) be a pseudoeffective signgular hermitian line bundle 
on a projective manifold X . (L, hi,) is said to be big, if the volume \i(L, h^) is 
positive. □ 

In this subsection we shall define the local version of [i(L, h^). 
Let ho be a C°° hermitian metric on L and let p G L X (X) be the weight 
function of with respect to ho, i.e., p> is a function such that 



holds. Let A be an ample line bundle on X such that A — L is very ample. Let 
a be a nontrivial global holomorphic section of A — L and let hA-L be a C°° 
hermitian metric on A — L such that /i^ := h ■ hA-L is a C°° hermitian metric 
on Ka with strictly positive curvature on X. Then 



(u> + dd c p) n . 

In general the total mass 




H{L,h L ) := n\ lim sup m - n h (X,O x (mL) ®T(h%)) 



h L = e~ v ■ h a 



h L ■ | ^ = (h ■ hA-L) ■ e 



-(y+log flA-L(cr,cr)) 



is a singular hermitian metric on A. We set 



i> ■= p + log h a- l{o; o-) 



and 
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Then 

uty = to + dd c ip 
is a closed positive current on X and 

W V> = ^~®h L + 0), 

Z7T 

where (<r) denotes the current of integration over the divisor of a. In particular, 
-0 is a cj-plurisubharmonic function on X. Then by the result in Section [4. 11 we 
may define 

dfi(L, h L ) ■= dfj,^. 

It is easy to see that d/i(L, Hl) is independent of the choice of A, Ha, etc. 

Definition 4.3 Let (L,hjj) be a pseudoeffective singular hermitian line bundle 
on a projective manifold X. We call the measure /iz,) the local volume of 

(L,h L ). □ 

4.3 Asymptotic expansion of Bergman kernels 

Let X be a smooth projective variety and let (L,hi) be a pseudoeffective sin- 
gular hermitian line bundle on X. 

Let A be a sufficiently ample line bundle on X so that 

Ox(Kx + A + mL)®l{h%) 

is globally generated for every m ^ 1. Let h a be a C°° hermitian metric on A 
with strictly positive curvature. Let 

K (X, K x +A + mL, h A ■ h r £) 

be the Bergman kernel of Kx + A + mL with respect to the inner product 

{a,o') := (V^l) n2 I oNo' -hA-h L \ 
Jx 

The reason why we need A here is that to kill the higher cohomology of 
Ox(Kx + A + mL) <E)T(h r £) and to localize the estimate below. 
Now we are interested in the asymptotics of the volume form 

h A -K- K(X, K x +A + mL, h A ■ hf) 

as m tends to infinity. 

We may also consider the local version of the above Bergman kernel. To 
consider the local version and to localize the estimate is quite crucial here. 

Let x be a point on X and let U be a coordinate neighbourhood of x such 
that U is biholomorphic to a ball. Let 

K{U, K x + A + mL, h A ■ h" L l ) 

be the Bergman kernel of K x + A + mL \ jj with respect to the inner product 

(a, a 1 ) :=(V^T)" 2 / a A a' ■ h A • K . 
Ju 
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Then it is obvious that 

K{U, K x +A + mL, h A ■ hi 1 ) ;> K(X, K x + A + mL, h A • K) 

On the other hand if we replace A by its high multiple, if necessary, we see tat 
there exists a positive constant C such that 

K(U, K x + A + mL, h A ■ h%)(x) S C ■ h A ■ K(X, K X + 2A + mL, h\ ■ h%)(x) 

holds for every x € B(0, 1/2) and every positive integer m. This estimate 
immediately follows from the estremal propertiy of the Bergman kernels, i.e., 

K(U,K x + A + mL,h A -h n L l )(x) = sup{| a | 2 (x) | (V 11 !)" 2 / aAa-h A -h r £ = 1} 

Ju 

and similar equality for K(X,Kx + 2A + mL,h\ ■ h r £)(x) and Hormander's 
L 2 -estimates for d operators. 

In this way, thanks to the presense of A, we may localize the estimate of the 
asymptotics of the global Bergman kernels in terms of that of local Bergman 
kernels. 

The local asymptotics of h A ■ h™ ■ K(U, Kx + A + mL, h A ■ h™) (hence also 
the global asymptotics) can be explored by the following well known theorem, 
if h L is C°°. 

Theorem 4.4 ( TO \ Ti\ \Ze\j ) Let £1 be a pseudoconvex domain in C™ and let 
if be a C°° plurisubharmonic function on fl. For a positive integer m, let 
K(Kq, e _m<p ) be the Bergman kernel of Kq with respect to the inner product 

(f,g) :=(v^Tr 2 / e-^-fAg. 
Jn 

Then 

—m<£ ts i ts —my>\ (dd f) n n-l\ 

e ^ ■ K(Kn,e ) — ; m + (Jim ) 

TV. 

holds. □. 

Theorem can be viewed as a (weak version of ) local Riemann-Roch theorem. 

Definition 4.5 Let (L, h^) be a pseudoeffective singular hermitian line bundle 
on a projective manifold X of dimension n. Let A be a sufficiently ample line 
bundle on X . We set 

d^ + (L, h L ) := n\ ■ limsupm"" ■ h A ■ h% ■ K(X,K X + A + mL, h A ■ h%)(z). 

ro — >oo 

dfi + [L, h^) is said to be the upper local volume of (L, hjj). Similarly we set 
dp,~{L, h L ) := n\ ■ Uminf mT n -h A -h^ ■ K(X,K X + A + mL, h A ■ h%)(z). 

m — >oo 

dfi~(L, hi,) is said to be the lower local volume of (L,hi,). □ 
Since 

/ h A -h^-K(X,K x +A+mL,h A -hf) = dimH (X,O x (K x +A+mL)®I(h A -hf)) 
Jx 

holds, by Lebesgue-Fatou's lemma, we have that 

/ dfi-(L,h L )^^(L,h L )^ [ dn+(L,h L ) 
Jx Jx 

hold. 
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4.4 A general conjecture for the asymptotic expansion of 
Bergman kernels 

Let X be a smooth projective variety of dimension n and let [L, hi) be a 
pseudoeffective singular hermitian line bundle on X. Let A be a sufficiently 
ample line bundle on X and let Ka be a C°° hermitian metric on A with strictly 
positive curvature. 

Conjecture 4.6 1. dfi + (L, h£) = dfi~ (L, hi) holds (cf. Definition \4-5\ ). In 
particular 

n\ ■ linim^oo m~ n ■ hA • h™ ■ K(X, Kx + A + mL, hA • h™) exists on X . 

2. 

n\ ■ lim mT n ■ h A ■ h 1 ? ■ K(X, K x + A + mL, h A ■ hT) = dpi{L, h L ), 

m — >oo 

where d^,{L,hi,) denotes the local volume defined in Definition ^. 3\ 

□ 

Conjecture 14.61 is true for the case that hi, is smooth by [Til [Ze]. Also by 
essentially the same proof, it is easy to verify that Conjecture 14.61 is true for 
the case that h^ has algebraic singularities. But in general, Conjecture 14.61 
seems to be very difficult to prove, since the asymptotic expansion of Bergman 
kernels breaks down, if the hermitian metric is not C°°. Of course one may 
approximate hi, by a singular hermitian metric with algebraic singularities f [D]). 
But the difficulty arises when we take the limit, i.e., the lower order term of the 
asymptotic expansion may blow up. 

In the next subsection, we shall prove a lower estimate for the asymptotic 
expansion of Bergman kernels, when the curvature is strictly positive. 

4.5 Asymptotic expansion of Bergman kernels of singular 
hermitian line bundles with strictly positive curvature 
currents 

In this subsection, we shall estimate the asymptotic expansion of Bergman ker- 
nels of singular hermitian line bundles with strictly positive curvature. We prove 
that the coefficient of the top term of the expansion at a point is strictly positive 
when the curvature is bounded from below by a strictly positive form locally 
around the point. 

Theorem 4.7 Let Q be a bounded pseudoconvex domain in C™ contained in 
the unit open ball B(0, 1) centered at the origin with radius 1 and let if be a 
plurisubharmonic function on O such that 

dd c ip ;> -dd c log(l- || z || 2 ) 

holds on fl, where \\ z || 2 = X)"=i I z « I 2 - Then there exists a positive constant C 
independent of (p such that for every positive integer m 

e~ mv ■ K(Q, e~ mv ) ^ C ■ to"- | dz\ A ■ • • A dz n \ 2 

holds on tt. □ 
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Proof. Since B(0, 1) is homogeneous, we may assume that fi contains the 
origin O G C" and it is is enough to prove that 

e~ mv ■ K(Sl, e- m *){0) ^ C ■ m n - \ dz\ A • • ■ A dz n | 2 

holds at the origin O. Let p E Cfi°(C n ) be a function such that 

1. O^p^l hold on C". 

2. Suppp c B(0, 1/2) holds. 

3. | dp | < 3, where the norm is taken with respect to the standard Euclidean 
metric on C n . 

Since dc? c log(l— || z | 2 ) is a Kahlcr form invariant under Aut(_B(0, 1)), for 
every sufficiently large m, there exists a positive constant c > 1 depending only 
on p such that 

m ■ dd c log(l- || z || 2 ) + dd c (p(4=z) ■ Ti-L^) ^ -| • dd c log(l- || z || 2 ) (9) 



holds on B(0, 1). Hence by the standard L 2 -estimates, we have the following 
lemma. 

Lemma 4.8 There exists a positive constant cq such that for every sufficiently 
large m ^ 1, 

K(Q, e- m *)(0) ^ co • K(B(0, -£=), e-™?){0) 

V m 

holds. □ 

Proof of Lemma 14.81 Let / be a holomorphic (n, 0) form on B(0, such 
that 

| /| 2 (0)=K(B(0,^),e- m n(0) 



im 
and 

/ | 2 -e- mv dp = 1 

holds, i.e., / is a peak section at O with respect to the metric e~ mv . 

Let us fix a complete Kahler metric jonO and let uj g denote the Kahlcr form 
associated with g. Let j(z) be the minimum eigenvalue of dd c log(l— || z || 2 ) 
with respect to g(z). Then 

dd c log(l- || z || 2 ) ^ 7 (*K(*) 

holds. Then by the L 2 -estimates and (O, we have that there exists a (n, 0) form 
u on f2 such that 

Bu = d{p{-^=z)f{z)) 

and 

« I 2 •e- mv -e p( * 2) ^ r * - / I 5(p(-^=*)/W) I 2 - eP( ^ Z) -^ 

II z || 2 " mj n j{z) ^frn || z || 

(10) 
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hold, where | d(p(-^^z)f(z)) | denotes the norm with respect to g and dp g 
denotes the volume form with respect to g. Since there exists a positive constant 
Ci independent of m such that 

1 , X, , C s ., 2 n(-S=z) 1 



holds for every sufficiently large m, by (fTU|) . we see that there exists a positive 
constant Ci independent of m such that 

Since u(O) = holds by the construction, we see that 

p{—=z)f{z) - u 



is a holomorphic extension of f(0) at O and there exists a positive constant C3 
independent of m such that 



/ \p(* z )f( z )-u\ 2 ■e-^SCs 



holds. Hence by the extremal property of Bergman kernels, we see that 

K(Q, e~ m *){0) ^ i- ■ K(B(0, -£=), e"^)(0) 
63 V m 



holds. This completes the proof of Lemma I4~8l □ 

On the other hand, by the L 2 -extension theorem, we see that there exists a 
positive constant Co independent of m such that for every sufficiently large m, 



K(B(0, -^),e~ mv )(0) ^ C • e"^ (0) • m n - | dz\ A • • • A dx„ I 2 

holds. Hence combining the above inequality and Lemma |4~81 we see that 

K(Q, e- mv )(0) ^ c • C • e mv ^ ■ m n - \ dz\ A • • • A dz„ | 2 
holds. This completes the proof of Theorem 14.71 □ 
The global version of Theorme 14.71 is as follows. 

Theorem 4.9 Let X be a smooth projective variety of dimension n and let 
be a singular hermitian line bundle on X. Let u be a C°° Kdhler form 
on X . Suppose that there exists a positive constant e such that 

holds on X . Then there exists a positive constant C such that for every suffi- 
ciently large positive integer m, 

K1 ■ K(X, K x + mL, K£) ^ C • m n ■ oj n 

holds on X. □ 

The proof of Theorem 14.91 follows from the local version (Theorem I4.T[) by the 
localization principle (cf. Section [ 
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5 Kodaira's lemma for big pseudoeffective sin- 
gular hermitian line bundles 

In this section we shall prove an analogue of Kodaira's lemma for big pseudo- 
effecive singular hermitian line bundles. Kodaira's lemma has been extensively 
used in algebraic geometry (cf. [K-Ol iKl] ). To prove Theorem \1.2\ we need 
an analogue of Kodaira's lemma for big pseudoeffective singular hermitian line 
bundles. 

Although I can state the new version as a lemma, it will be useful to state 
the singular hermitian version as a theorem. Because I believe that the new 
version will be also fundamental in complex geometry. 

5.1 Statement of the theorem 

First we shall state the original Kodaira's lemma. 

Theorem 5.1 (\K- Q\ Appendix!. \K1 \ Lemma]) Let X be a smooth projective 
variety and let D be a big divisor on X . Then there exists an effective Q-divisor 
E such that D — E is an ample Q-divisor. □ 

The analogue for the case of big pseudoeffective singular hermitian line bundles 
is stated as follows. 

Theorem 5.2 Let X be a projective manifold and let (L, h^) be a big psedoef- 
fective singular hermitian line bundle. Then there exists a singular hermitian 
metric h\ on L such that 

1. Q h + is strictly positive everywhere on X , 

2. h\ ^ h L holds on X. 

a 

Let us explain the relation between Theorems 15.11 and 15.21 Let D,E be as in 
Theorem 15.11 Let us identify divisors with line bundles. Theorem 15. II says that 
there exists a C°° hermitian metrics /id, /ig on D, E respectively (the notion of 
hermitian metrics naturally extends to the case of Q-line bundles) such that the 
curvature of ho • hg 1 is stricly positive. Let <7e be a multivalued holomorphic 
section of E with divisor E such that /ie(cte, £>-£;) ^ 1 on X. Then 



D h E {o-E,o E ) 
is a singular hermitian metric on D such that 

1. 6,+ is strictly positive everywhere on X. 

2. h D ^ h D holds on X. 

In this way Theorem 15.21 can be viewed as an analogue of the usual Kodaira's 
lemma to the case of big pseudoeffective singular hermitian line bundles. 
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5.2 Proof of Theorem Q 



The proof of Theorem 15.21 presented here is not very much different from the 
original proof of Kodaira's lemma (cf. [Klj or |K-Q| Appendix]). But it requires 
estimates of Bergman kernels and additional care for the multiplier ideal sheaves. 

Let X be a smooth projective variety of dimension n and let (L, hi,) be a big 
pseudoeffective singular hermitian line bundle on X. Let w be a Kahler form 
on X and let dV be the associated volume form on X. Let H be a smooth very 
ample divisor on X. The following lemma is a singular hermitian version of the 
theorem in [Trj . 

Lemma 5.3 There exists a positive integer ttiq such that too(L, h£) — H is big, 
i.e., 

Iimsupr" • dim H a (X,O x (i(m L - H)®J{h™ oi )) > 

holds. □ 



Proof of Lemma 15.31 Replacing H by a suitable member of \ H\, by Lemma 
13.101 we may assume that 

l(h?) \ H =I(h? \ H ) 
holds for every to ^ 1. Let us consider the exact sequence 

-> H°(X, Ox{mL-H)®I{KE)) H°(X,O x (rnL) ®T(hf)) 

-» H (H,O H (mL)®l(h-Z \ H )). 

Then since n(L, hi) > and 

dim H°(H, O h (mL)®l(h r £ \ H )) = C^m"- 1 ) 
we see that for every sufficiently large m, 

H°(X, Ox(mL - H) ® T{hf)) ^ 

holds. 

To prove Lemma 15.31 we need to refine the above argument a little bit. Let 
mo be a positive integer such that 

(£,^r'.fl 

m ° >n - (L,fe L )" 

holds. For very general -H^ , • • • np € | | , by Lemma 13.101 replacing to by 
too^ and H by ^-ff , we have the exact sequence 

-> O x ^(m L - H))®l{h™° 1 )) O x {m lL)®I{h™° 1 )). 

®UH°(HP,O Hl (m eL) ®l{h^ 1 \ Hi )). 

We note that {iJ^}| =1 are chosen for each £ If we take {ff}^}| =1 very general, 
we may assume that 

dim (iff >, (mi) ® J(fc£ |ffj) 



34 



is independent of 1 ^ i ^ £ for every m. This implies that 

Umsupr" • dim H°(X,Ox(t(m L- H)) <E)I(h r £° e )) 

f— .00 

n! (n — 1)! 

holds. By (fTTjl . we see that 

n\ [n — 1)1 

is positive. This completes the proof of Lemma T5. 31 □ 

Let A be a sufficiently ample line bundle on X and let Ha be a C°° hermitian 
metric such that the curvature of Ha is everywhere strictly positive on X. Here 
the meaning of "sufficiently ample" will be specified later. Let m be a positive 
integer. Let us consider the inner product 



(cr,cr') := / hA-K-a-a' dV 
Jx 



on ^"(X, Ox{A + mL) ® T(h™)) and let if m be the associated (diagonal part 
of) Bergman kernel. Let us consider the subspace 

H°(X, O x (A + £(m L - H)) <g C + m^L) l(h%° e )) 

as a Hilbert subspace and let K^ ol denotes the associated Bergman kernel with 
respect to the restriction of the inner product on 

H° (X, Ox (A + m £L) (g>l(h n L l ° £ )) to the subspace H° (X, O x (A + £(m L- H))® 
T(h™° 1 )). Then by definition, we have the trivial inequality : 

K a l ^ K moi (12) 

holds on X for every £ ^ f . 

The next lemma follows from the same argument as in [D] . 

Lemma 5.4 ('D]) If A is sufficiently ample, 

tiL '■= the lower envelope o/(limsup r \/K m )~ 1 . 

m — >oo 

holds. □ 

Proof of Lemma 15.41 The proof has been given in [D] , But for the complete- 
ness, we shall reproduce the proof here. 

By the L 2 -extension theorem (Theorem 12.251 or Theorem I2.26[) , if A is suffi- 
ciently ample, there exists a positive constant Co such that 

K m ^ Co ■ h-/ ■ h- L m (13) 

holds on X for every m. 

On the other hand, let x S X be an arbitrary point and let (U, Zi, •, z n ) be 
a coordinate neighbourhood centered at x such that U is biholomorphic to the 
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open unit ball B(0, 1) in C" centered at the origin via the coordinate. Taking 
U to be sufficiently small, we may and do assume that &a, l be the holomorphic 
frame of A and L on U respectively. Then with respect to these frame, we may 
express hA,h,L as 

Ha = e~ VA ,h,L = e~ VL 

respectively in terms of plurisubharmonic functions ifA,fL on U. By the ex- 
tremal property of Bergman kernels, we see that 

K m {x) = sup{| a(x) \ 2 \ae T(X,O x (A + mL)), f \ a | 2 -h A ■ h% ■ dV = 1}. 

J x 

Let cr £ F(X, O x (A + mL)) with 

/ | (to \ 2 -hA-hJZ-dV = 1 
Jx 

and | <J$(x) | 2 = K m (x). Let us write <To = /-e^-e™ on U by using a holomorphic 
function / on U. By the submeanvalue property of plurisubharmonic functions, 
we have that 

I I' = uWn ^^ / ' / ^ 
vol(B(0,e)) J B (o,e) 

^ ( sup e** • e m n ■ ( * / | / | 2 e"^ • e~ m ^dV) ■ ( sup 

B(o, £ ) vol{B{0,e)) J BM B(0>e) 

vol(B(0,e)) Bio ,e) B(o,e)dV 

hold, where d/j, is the standard Lebesgue measure on C™. Hence there exists a 
positive constant C e independent of m 

K m {x)^C e - sup {h-/ ■ hl m ){w) ■ dV (14) 

w£B(0,s) 

holds. By ((T3J) and fH]l. we see that 

C*^™/^ 1 ) ^ V^M^^™ '( sup (/i^-^ m )H-^)^ 

holds. Hence letting m tend to infinity and then letting e tend to 0, we have 
the desired equality. □ 

We note that 

h A ■ h'l -K m -dV = dim if (X, Ox (A + mL) <g> )) 

Jx 
and 

' h A ■ h™° e ■ K+ ■ dV = dimH°(X, O x (A + i{m L - H)) ® 2(h" L l ° e )) 



hold. Hence by Lemma I5T31 



limsup(m ^)~" • / h™° e ■ K+ at -dV>0 (15) 

i^oo JX 
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holds. Then by Fatou's lemma, we see that 



h A ■ hl l ° e -K+ e fh A - h™° e ■ K+ e 
lim sup -. -7 — ^ lim sup / — > 

e^ao {m £) n i^oo J {m £) n 



j x e^oo 
hold. In particular 

u . . J, 



h A ■ h™° e ■ K 



limsup 

£^oo {m £) n 



is not identically (H. This implies that 



lim sup m °{/K+ oi 



is not identically and by Lemma [5.41 and (I12| . it is finite. Let hn be a C°° 
hermitian metric on H with strictly positive curvature and let r be a global 
holomorphic section of Ox{H) with divisor H such that Hh(t, r) ^ 1 holds on 
X. We set 



hi := (lim sup m ^K^ Ql )~ i • h H (r,r). 
Then h~l is a singular hermitian metric on L, since 

(limsup^oo m °\J K^ lg£ | r | 2 can be viewed as a singular hermitian metric 
on L — H with scmipositive curvature current. By the construction it is clear 
that the curvature current of h\ is bigger than or equal to the curvature of 
hf{- In particular the curvature current of is strictly positive. And by the 
construction 

h L ^ h+ 

holds on X . This completes the proof of Theorem 15.21 □ 



6 Dynamical construction of an AZD 

This section is almost completely the same as [Ell Section 3]. The only differ- 
ence is that we consider the adjoint line bundles instead of canonical bundles. 

6.1 Sub extension problem of a singular hermitian metric 
with semipositive curvature 

Let X be a smooth projective variety and let S be a smooth subvariety of X. 
Let £ be a line bundle on X. Suppose that there exists a singular hermitian 
metric He,s on E \g such that Qh B s = holds on S. We shall consider the 
following sub extension problem of singular hermitian metrics. 

Problem 6.1 Let X, S, E, hs.s be as above. Construct a singular hermitian 
metric He on E such that 

1. He \s= hE,s holds on S. 

2. B hE ^ holds on X. 

3 At this moment, there is a possibility that it is identically +oo. 
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□ 



Of course in general such a sub extension He does not exist. But under certain 
conditions, sub extension He exists. Since singular hermitian metrics are real 
object, it is not easy to extend them directly. 

The sub extension strategy used in this article is as follows. 

1. Take a sufficiently ample line bundle A on X. 

2. Approximate fiE,s by a sequence of singular hermitian metrics {/im,s}, 
where h m ^s is an algebraic singular hermitian metric (cf. Definition 12. 5[) 
on —A |s +L |s which is of the form 

N(m) 
i=0 

where n € H°{S,O s (A + mL)). 

3. Find a holomorphic extension f{ € H°(X, Ox{A + mL)) of t% for every 
i = 0, ••• ,iV(m). 

4. Define an algebraic singular hermitian metric h m on — A + L by 

iv(m) 

|r,| 2 )^. 

2 = 

5. Prove the existence of 

Yle '■— the lower envelope of liminf h m 

m — >oo 

as a nontrivial singular hermitian metric on E. 

In the above strategy one cannot expect that the equality He \s— h>E,s holds 
on S, since we have taken the lower envelope. But in most applications, sub 
extension is enough. 

6.2 Dynamical construction of singular hermitian metrics 

To implement the sub extension strategy in Section 6.1, first task is to approx- 
imate the given singular hermitian metric by a sequence of algebraic singular 
hermitian metrics. Here we shall consider the case that the given hermitian 
metric is an AZD. 

Instead of approximating the singular hermitian metric, we shall consruct 
another AZD which is a limit of the algebraic singular hermitian metrics. 

Let X be a smooth projective variety and let Kx be the canonical line 
bundle of X. Let n denote the dimension of X. Let (L, Hl) be a pseudoeffective 
singular hermitian line bundle on X. Let dV be a C°° volume form on X. 
Suppose that (Kx +L, dV^ 1 -Iil) is weakly pseudoeffective (cf. Definition ^. 6[) . 
Then 

E{K X + L, dV- 1 ■ h L ) := { V e L} oc (X) \ <p ^ 0, Q dv -i. hL + V^lddif ^ 0} 

is nonempty (cf. the proof of Theorem l2.20p . Then (Kx + L. dV^ 1 ■ h^) admits 
an AZD h as in Theorem 12.201 i.e., the following holds : 
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1. &h ^ o, 

2. H°(X, OximiKx + L))®!^™)) ~ +L)) ®Too(&?)) 
holds for every m ^ 0. 

We assume that for every ample line bundle B on X 

dimH°(X, O x {B + m{K x + L))(g)l(h m )) = 0{m v ) 

holds, where v denotes the numerical Kodaira dimension v num (Kx + L,h) of 
(Kx + L, h) (cf. Definition 13. 4[) . We note that if h is normal, this follows from 
Theorem 13.131 

Let A be a sufficiently ample line bundle on X such that for every pseudo- 
effective singular hermitian line bundle {F,}if), 

O x {A + F)®l{h F ) 

and 

Ox(K x + A + F)®l{h F ) 

are globally generated. This is possible by the L 2 -estimate of d operator (cf. 
[S2 p. 667, Proposition 1]). 

Let Ha be a C°° hermitian metric on A with strictly positive curvature. Let 
{ctq 1 ^, • • • , cjyn)} be a complete orthonormal basis of 
H°(X, O x (K x +L + A)®l(h L )) with respect to the inner product 

(<t,t) := {V^l) n f aA?-h L -h A 
J x 

We set 

JV(0) 

Kx := £ I *P I 2 ■ 

i=0 

We define the singular hermitian metric hi on Kx + L + A by 

By taking a complete orthonormal basis of H°(X, Ox(2(Kx + L) + A)(£)T(hLh)) 
with respect to the inner product 

for) := (V^T)" 2 / aAf-hu 
J x 

we define A'2 and the singular hermitian metric 

h 2 :=K^\ 

Suppose that we have already constructed {hi, • • • , ft, m _i}. We set 

V m := H°(X, O x {m(K x + L) + A) ® .O) 
By taking a complete orthonormal basis of V m with respect to the inner product 

(cr, r) := (V^I)" 2 / a A f • h L ■ h m -i, 
Jx 



39 



wc define K m and the singular hermitian metric 

h — K^ 1 

'I'm ■ — " m 

in the same manner. We note that for every x € X and m, 

h m 1 {x) = K m = sup{| cr | 2 (x);a € V m , / h m - V \ a | 2 = 1} 

Jx 

holds by definition (cf. [Krl p. 46, Proposition 1.4.16]). 
We set 

log dim H° (X, O x {m{K x + L) + A) ® J(h m ) ) 
v := limsup , 

m^oo logm 

i.e., v is the asymptotic Kodaira dimension of {Kx +L, dV^ 1 ■ h) (cf. Definition 
I3.5|) and is an integer between and n = dimX by Theorem l3.13l The following 
theorem is the main result in this section. 

Theorem 6.2 (cf. VTsBp LetX, (L,h L ), {K m }™ =1 and {h m }™ =1 be as above. 
Then 

Kqo := the upper envelope of limsup "\J ' (m\)~ h ' K m 

m — *oo 

exists and 

hoo := 1/Koo 

is an AZD of (Kx + L, dV -1 ■ hi,), where dV is an arbitrary C°° volume form 
onX^. □ 

6.3 Proof of Theorem EH 

By the assumption there exists a positive constant C such that 

h°(X, O x (m(K x + L) + A) ® I(h m )) ^ C ■ m v 

holds for every m ^ 1. 

Let us fix a Kahler form to on X. Let dV be the volume form on X with 
respect to u> and let Hljq be a C°° hermitian metric on L. The following esti- 
mate is an easy consequence of the submeanvalue property of plurisubharmonic 
functions. 

Lemma 6.3 There exists a positive constant C such that for every m ^ 1, 
K m ^ C m ■ (ml)" ■ (dV) m ■ h~ A x ■ h- L ™ 

holds. 

Proof. Let p e X be an arbitrary point. Let (U,zi 7 . . . , z n ) be a local cooordi- 
nate around p such that 

1. zi(p) = ■■■ = z n (p) = 0, 

2. [/is biholomorphic to the open unit polydisk in C" with center O € C ra 
by the coordinate, 



4 In such a case, it may be appropriate to write Kx + (L, h^) instead of (Kx + L, dV 1 ■ Hl) 
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3. z\, . . . , z n are holomorphic on a neighbourhood of the closure of U, 

4. there exists a holomorphic frame e of A on the closure of U. 

Taking U sufficiently small we may assume that there exist holomorphic frames 
of L and of A on U respectively. We set 

re(ra-l) _ 

Q, :={—!) 2 (v— l) n cJzi A • • • A dz n A dz\ A • • • A dz n . 
For every m ^ 0, we set 

K 

B m := sup — — j : [oW- 

x£[/ ft m - | e L \ 2m ■ \e A \ 2 

We note that for any x G X 

if m (x) = sup{| | 2 (a:); G V^, / /i m _i | | 2 = 1} 
holds. Let O be the element of V m such that 



/ K 

Jx 



lm-1 I <P0 



I 2 =l. 



Then there exists a holomorphic function / on U such that 
0o |tf=/-(<fei A---dz„r-e£-eA 

holds. Then 

/ |0o I 2 ■h A -hZ-Sl-<- m - 1 '>= [ |/| 2 -Mei.eLj-MeA.eAj-fi 
holds. On the other hand by the definition of B m _i we see that 

/ h A | 00 I 2 rP^ 1 ' ^ B m _! / hn-i | 00 | 2 ^ B m -1 

Ju Ju 
hold. Combining above inequalities we have that 



/ | f\ 2 h A (e,e)n^B m _ 1 
Ju 



holds. Let 0<<5<<lbca sufficiently small number. Let Ug be the inverse 
image of 

{(y u ...,y n ) G C n ;| y 4 |< 1-5} 

by the coordinate (zi, . . . , z n ). 

Then by the subharmonicity of | / | 2 , there exists a positive constant C$ 
independent of m such that 

| f(x) | 2 ^ C s ■ B m _! 
holds for every x G Ug. Then we have that 

K m (x) ^ C s ■ B m _ r | e A | 2 • | e L | m .fi^z) 
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holds for every x G Us- Summing up the estimates for the orthonormal basis, 
moving p, by the compactness of X we see that there exists a positive constant 
C such that 

K m ^ C m ■ (ml)" ■ (dV) m ■ h A x ■ h- L ™ 
holds on X. This completes the proof of Lemma [6731 □ 

Let V be a v dimensional nonsingular subvariety such that 

1. V is not contained in the pluripolar set of h. 

2. (K x + L,h) | V is big, i.e., 

limsupm~ 1/ ■h°(V,Ov(m(K x +L))®l{h m |y)) > 

rn — >oo 

holds. 

Since (Kx +L |y, h \y) is big, by Theorem l5.2l there exists a singular hermitian 
metric hy on Kx + L | y such that 

1. ®h v is strictly positive everywhere on V", 

2. fty holds on V. 
Suppose that for some m^l2 

K m ^(x) ^ C m -i • h~A ■ h v m 

holds on x £ V. Let us estimate K m (x) from below at the point x. 

Lemma 6.4 Let e be a positive number. There exists a positive constant C{e) 
depending only on e and V such that 

K m (x) ^ C(e) m ■ (m\r ■ h^ 1 ■ (h s v ■ h^y m 

holds at x. 

Proof. We shall give a proof only for the case e = 1. The general case follows 
from the proof below in the same manner. We note that 

K m (x) = sup{| a | 2 (x);a eT(X,Ox(A + m(Kx + L))), f h m ^ r \ a \ 2 = 1} . 

holds. Then by the asymptotic expansion of Bergman kernels (Theorem 14. 7p . 
we can extend any element a x of the fiber (m(Kx + L) + A) x of the line bundle 
of m(Kx + L) + A to an element 

ay e H"(U DV,O v (m(Kx + L) + A) ®I(h L ■ h^' 1 )) 

with 

/ h™ ■ h A (a v ,o- v ) | dz x A • • • A dz v C ■ mT v ■ hy ■ h A (a X: o- x ) 
Junv 
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where C is a positive constant depending only on x and V. Since h \ V ^ hy 
holds on V, this implies that 

h m ■ h A (ay,cry) | dzi A • • • A dz v C ■ m~ v ■ hy ■ h A (a x ,a x ) 

UnV 

holds. Then we can extend ay to 

a v e H°(U, Ox(m{K x + L) + A) ® Z^ 1 "- 1 )) 
by the L 2 -extension theorem (Theorems [O-T] and 12.261) so that 

(V^T)™ 2 f auAau- ft™" 1 ■ h A ^ C v ■ C ■ m~ v ■ ■ h A (a x ,a x ) 
Ju 

where Cu is a positive constant depending only on U. Let p be a C°° function 
such that 

1. Supp/o CC U, 

2. O^p^lonl, 

3. p = 1 on some neighbourhood W of x. 
Taking A sufficiently ample, we may assume that 

n 

>/=Taa(np loggia \ 2 ) + e hA 

is strictly positive on X . Then we may solve the 9-equation 

Bu = d(p ■ an) 

with 



/i it, 

/ exp(-(n + l)p) • log V | Zl | 2 ) \ u\ 2 h A - h m ~ x 

« n 

^ • / exp(-(n + l) P ) ■ log ^ | | 2 )- | 9(p • otr) | 2 

<=i 

holds, where | B(p ■ ajj) | 2 denotes the norm with respect to h A ■ h™~~ 1 and u> 
and C[j is a positive constant depending only on the supremum of the norm of 
dp with respect to lu. This implies that 

u(x) = 

and there exists a positive constant C independent of (L, Hl) and a x such that 

[ h A -h L -\u | 2 ^ C ■ (dV 1 ■ h A ■ h L ){a x ,a x ) 
Jx 

holds. Then 

a := p ■ - u e Ox(m(K x + L) + A) ®l{h m - 1 )) 
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is an extension of a x such that 

(x/^T)" 2 f a A a ■ h m - 1 -hA^C'-Cu-C- m~ v ■ (hy 1 ■ h A )(a Xl a x ) 
Jx 

where C is a positive constant depending V and U. Hence by the extremal 
property of Bergman kernels, we obtain that 

K m (x) ^ (C ■ C v ■ Cy 1 ■ m v ■ C m _r • ■ (h v )- m 

holds. We note that for every < e < 1, h v -h 1 ~ e |y is a singular hermitian met- 
ric with strictly positive curvature on V . Then replacing hy by hy ■ h 1 ^ 6 |ywe 
obtain that there exists a positive constant C(e) depending on V and e such 
that 

K m (x) ^ C(e) ■ m v ■ C m _! ■ h A x ■ (h v ■ h^)~ m 
holds. Hence summing up the estimates for m, we get 

K m (x) ^ C(e) m ■ (ml)" ■ h~ A x ■ (h v ■ h^)~ m 

at x. The estimate is valid on a neighbourhood of x in V and moving x on V , 
we may assume that the above estimate is valid on V. 

Hence on V, there exists a positive constant Cy such that 

K m (y) ^ Cy(s) m ■ (m\y ■ h~ A x ■ (h v ■ h^)~ m 

holds for every y G V. 

Combining Lemmas 16.31 and 16.41 we have that the limit : 

limsup \/ \m\)~ v K m 

rn — >oo 

exists and nonzero on V. Moving V, the limit exists on the whole X. We set 
/ioo := the lower envelope of (limsup 'y/ '(m\)~ v Km)^ 1 

rn — >oo 

Let us prove hoo is an AZD of (Kx + LjdV 1 ■ h^). Let x £ X be an 
arbitrary point. Then there exists a family {Vt}(i € A™~ 1/ ) of smooth projective 
subvariety of dimension v in X and a local coordinate (U, z\, ■ ■ ■ , z n ) such that 

1. (z\(x),- ■ ■ ,z n (x)) = O, 

2. U is biholomorphic to A™ via (zi, • • • ,z n ), 

3. V t nu = { P e u | (z u+1 (p),--- ,z„(p)) = t}. 

4. (K x + L, h) \ Vt is big for every t G A" - ". 
Let 

4> : V — ► A n - U 

be the above family. By the proof of Theorem 15. 2\ we may take a singular 
hermitian metric hy on cf>* (Kx + L) such that 

1. hy | Vt is a singular hermitian metric with strictly positive curvature. 
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2. There exists a positive constant C such htat 



h \v t S C ■ h v \ Vt 



holds on Vt for every t € A' 




holds for every m ^ 1 by Lemma 16.41 Then since lim sup^^^ y/(m\) U K, 
exist, letting m tend to infinity, see that 



holds. Let a £ T(U,Ox{m(K x + £)) <g> 2"oo(fr m )) be any element. Then by the 
above iequality, we see that 



holds. Hence letting e tend to and shrinking U, if necessary, we see that 



holds. Hence we see that hoc, an AZD of (K x + L,dV 1 ■ h^) (cf. Definition 
I2.21|) . This completes the proof of Theorem 16.21 □ 



In this section, we shall prove Theorem II .31 together with the following theorem 
which is a little bit weaker than Theorme 11.21 

Theorem 7.1 ( \Ts5\ Theorem 5.1]) LetX,S,^s be as in Section 1.2. Suppose 
that S is smooth. Let d be a positive integer such that d > arriQ. We assume 
that (Kx + L,e~ v ■ dV^ 1 ■ Hl \s) is weakly pseudoeffective (cf. Definition \2.6\) 
and let hs be an AZD of (Kx+L,e~ v -dV^ 1 -h^ |<j). Suppose thaths is normal 
( cf. Definition \2.8\) or for every ample line bundle A on X 



dimH°(S,Os(A + m(K x + L) \s) ® I(h%)) = 0{m v ) 

holds, where v denotes the numerical Kodaira dimension v num (Kx + L \s,hs) 
of [K x + L |s, h s ) (cf Definition^. 



h x WSCieT 1 - h e yh^ 




<jeLl c (m(K x + L),h^) 



holds for every p ^ 1. This implies that 



o G T(U,Ox(m(K x + L)) ® I^h™)) 



7 Proof of Theorem 11.3 



Then every element of 



H°(S, O s (m(K x + dL)) <g> I{e~* ■ h d L ■ h^ 1 )) 



extends to an element of 



H°(X,Ox(m(K x + dL))®l{h d L ■ h^~ 1 )), 
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where ho is an AZD of Kx + dL with minimal singularities. In particular every 
element of 

H°(S,O s (m(K x + dL))®l(e-v ■ h d L ) ■ Z^/i™" 1 \ s - e -( m ~^)) 
extends to an element of 

H°(X,O x (m(K x + dL)) ®I(htf)). 

□ 

Remark 7.2 The normality condition on hs is more restrictive than the con- 
dition 

(Kx+L\ s , (K x +L\s,h s ) 

(see Theorem ] 8. 13]) . But practically, the normality ofh$ is much easier to verify 
than the equality of v num and v asymp . For example ifhi\S is normal and Kx\ S 
is ^-effective or admits a normal singular hermitian metric with semipositive 
curvature current, then hs is normal. □ 



7.1 Setup 

Let X be a smooth projective variety and let (L, Jil) be a singular hermitian 
line bundle on X such that Qh L = on X. As we mensioned in Section 1.2, we 
assume that Hl is lowersemicontinuous. This is a technical assumption so that 
a local potential of the curvature current of hi, is plurisubharmonic. 

Let mo be a positive integer and let a S T(X, Ox('moL)®l(h™ )) be a global 
section. Let a be a positive rational number 5^ 1 and let S be an irreducible sub- 
variety of X such that (X,a(a)) is LC(log canonical) but not KLT(Kawamata 
log terminal) on the generic point of S and (X, (a — e)(cr)) is KLT on the generic 
point of 5* for every < e << 1. We set 

*s = a\ogh L (a,a). 

Suppose that S is smooth for simplicity (if S is not smooth, we just need to 
take an embedded resolution to apply Theorem [73}. We shall assume that S is 
not contained in the singular locus of h^, where the singular locus of h^ means 
the set of points where h^ is +oo. Let dV be a C°° volume form on X. 

Then we may define a (possibly singular) measure dV^s] on S as in the 
introdcution. Let dVs be a C°° volume form on S and let ip be the function on 
S defined by 

dV s 



(dV[^s] m ay be singular on a subvariety of S, also it may be totally singular 
onS). 

7.2 Dynamical construction of singular hermitian metrics 
with successive extensions 

Let us start the proof of Theorem 17.11 Let d be a positive integer such that 
d > amj. Replacing L by dL, we may and do assume that d = 1 from the 
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beginning. By the assumption, there exists an AZD hs of 
(Kx + L |s, (dV -1 ■ Iil) \s ■e~ ip ). We shall define sequences of the hermitian 
metrics {h m } on A + m(Kx + L) \ S and {h m }(m ^ 1) on A + m{Kx + L) 
inductively as follows. Let h A be a C°° hermitian metric on A. Let 

be an orthonormal basis of H°(S, Os(A + (Kx + L)) ® I(hs)) with respect to 
the inner product : 

(a,r)= f a-f-(h A -h L -dV- 1 )dV[^s](^T€H (S,Os(A+(Kx+L))®l(h s ))). 
Js 

We set 

iVi 

*i = E i *< w i 2 

i=0 

and set 

hx = 1/K X . 

Then hi is a singular hermitian metric on A + (Kx + L) \ S. By the choice of 
A, we see that Os(A + (Kx + L)) ® T(hs) is globally genegerated on S. Hence 
we see that 

hi ^ 0(h A ■ h s ) 

holds, where this means that hi ■ (h A ■ hs) -1 is bounded from above on S. Then 
by the L 2 -extension theorem (Theorem 12. 26|) . each <r{ extends to a section 

*P eH°(X,Ox(A+(K x +L))) 

such that 

lkf 3 |l=(/ ki x) \ 2 ih A -h L -dv- x )-dv)? 

satisfies the inequality 

where C is the positive constant as in Theorem 12.261 And we set 

Ni 

*i = E i i 2 

i=0 

and 

Si := 

We note that Ki depends on the choice of the orthonormal basis. 

Suppose that we have already constructed {ft-i}™^ and {Aj}™ 1 and 

k = o(/m ■ 4) 

holds for every i = 1, • • • , m. 
Let 

(m+i) 

t°0 > • ' • ) °JV m+1 J 
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be an ortho-normal basis of H°(S, O s (A + (m + l)(K x + L)) ® l{h™ +1 )) with 
respect to the inner product : 

(a, t) = [ a ■ f ■ (h m ■ h L ■ dV-^dVfifs}. 
Js 

Here we note that by the assumption h m = 0(h,A • h™), this inner product is well 
defined. By the choice of A, we see that O s {A+(m+l)(K x +L))®l{h A h™ +1 ) 
is globally generated. Hence 



h m+1 = 0(h A ■ h™ +1 ) 



holds. 

We define 



K m +i ■= 



N m+1 

m+l) ,2 



i=0 

and 

h m +i '■— ^/Km+l- 

Then h m +i is a singular hermitian metric on A + (m + \){K X + L) with semi- 
positive curvature current. 

Then by the L 2 -extension theorem (Theorem I2.26p . each er| m+1 - > extends to 
a section 

a 4 (m+1) eH°(X,O x (A+(K x + L))) 

such that 

\\al m+1) ||= (/ \~a<t +1) \ 2 ih L -dV- l -h m ) dY^ 
l X 



satisfies the inequality 

\\*l m+1) Uc, 

where C is the positive constant independent of m as in Theorem l2.26l And we 

set 

N m+1 

K m+1 := £ | | 2 • 

j=Q 

and 

In this way we construct the sequences {K m }^ =1 , {K m }m=ii {h m }m=i an d 
{hm}m=i- Next we shall discuss the (normalized) convergence of these se- 
quences. Let v be the asymptotic Kodaira dimension (cf. Definition 13. 5[) of 
(K x +L \s,h s ), i.e., 

logdim H°(S,O s (A + m(K x +L))®l{h%)) 
v := limsup - — . 

ro->oo log m 

v is a nonnegative integer between and dim S by Theorem 13. 131 
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Lemma 7.3 



hoc '■= the lower envelope of liminf \/ (m\) v ■ h r , 



exists as a singular hermitian metric on Kx + L \g and is an AZD of 
(K x + L |s, dV- 1 ■ h L ■ e~v) on S. And 



haa := the lower envelope of liminf T/(m!) 1/ • h m 

exists as a singular hermitian metric on Kx + L with semipositive curvature 
current and 

hoo = hoo \s 

holds on S . □ 

Proof of Lemma l7.3l To prove Lemma [7751 we shall estimate K m from above 
and below and K m from above. 

The estimate for {K m } is identical as the one in the proof of Theorem! 
in the last section. Hence we obtain that 



hoo '■= the lower envelope of liminf r y/{mX) v ■ h m 

m — »oo 

exists and is an AZD of (K x + L \ s , dV^ 1 ■ h L ■ e~ v ) on S. 

Let us fix hLfi be a C°° hermitian metric on L. By the same proof as that 
of Lemma 16.31 we obtain that there exists a positive constant C+ such that 

K m ^ (C + ) m ■ (ml)" ■ h-/ ■ (dV) m ■ Kfi 
holds on X for every m ^ 0. Hence by this estimate, we see that 

Koo := the upper envelope of limsup ^ K m 

m — >oo 

exists on X and is an extension of ifoo by the construction. In particular 
is not identically zero on X. Hence 

is a well defined singular hermitian metric on Kx + L. And 

hoo ^ hoo |s 

holds by the construction. This completes the proof of Lemma [7731 □. 



Let us complete the proof of Theorem 17.11 By Lemma 17.31 and Theorem I2.26[ 
we see that every element of 

H a (S,O s (m(K x + L)) ®l(e-v ■ h L \ s -h^ 1 )) 

extends to an element of 

H°(X,Ox(m(K x + L)®I(h L ■ K 1 ^ 1 )). 
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Let /io be an AZD of Kx + L of minimal singularities. Since h^ has semipositivc 
curvature in the sense of current, we see that there exists a positive constant 
Coo such that 

ho S Coo ' ^-oo 

holds. Hence we see that every element of 

H°(S, O s (m(K x + L)) ® I(e' v ■ h L \ s -h^ 1 )) 
extends to an element of 

H°(X,O x (m(K x +L)®l(h L ■ h^ 1 )). 
This completes the proof of Theorem 17.11 □ 



The proof of Theorem 1 1.31 is very similar. Hence we shall indicate the necessary 
change. The method of the proof is an extension of an AZD of (Kx + L + — E \g 

, dV^ 1 ■ hi, ■ tig). Here we need to perform the dynamical construction of AZD 
on the fractional singular hermitian line bundle. The necessary change is that 
we need to tensorize (IS, /ie) at every m step instead of tensorize {L,hif] at 
every step as above (see Section 9.1 below, where one can see the concrete 
construction). □ 

8 Proof of Theorem 11.41 

In this section we shall prove Theorem II .41 The method of the proof is parallel 
to that of t Ts5, Ts6J except the use of Theorems 17.11 and 11.31 

8.1 Positivity result 

In |K4j , Y. Kawamata proved the following important theorem. 

Theorem 8.1 (\KJ\ p. 894, Theorem 2]) Let f : X — ► B be a surjective mor- 
phism of smooth projective varieties with connected fibers. Let P — ^2 Pj and 
Q = Qf be normal crossing divisors on X and B respectively, such that 
f~ 1 {Q) C P and f is smooth over B\Q. Let D — ^2djPj be a Q-divisor 
on X, where dj may be positive, zero or negative, which satisfies the following 
conditions : 

1. D = D h + D v such that f : Supp(D h ) — > B is surjective and smooth over 
B\Q, and f(Supp(D v )) C Q. An irreducible component of D h (resp. D v ) 
is called horizontal (resp. vertical). 

2. dj < 1 for all j . 

3. The natural homomorphism Ob — > f*Ox(\— D~\ ) is surjective at the generic 
point of B . 

4- Kx + D ~q f*[Ks + L) for some Q-divisor L on B. 
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Let 



f*Qe = }] WjjPj 
j 

dj := — iff{P 3 ) = Qe 

S e := max{(i,; f(P J ) = Q e } 

A := S tQt 
l 

M := L-A. 



Then X is nef. □ 

Remark 8.2 Ln Theorem \8.1\ the condition: dj < 1 is irrelevant for every Dj 
with f(Dj) C Q by a trivial reason. Ln fact in this case, if we replace D by 
D' := D — af*Q and replace L by L' :— L — aQ for a sufficiently large positive 
rational number a, D' = d'jDj satisfies the condition : d'j < 1 for all j . □ 

Here the meaning of the divisor A may be difficult to understand. So I would 
like to give an geometric interpretation of A. Let X, P, Q, D, B, A be as above. 
Let dV be a C°° volume form on X . Let Uj be a global section of Ox(Pj) with 
divisor Pj. Let || Oj || denote the hermitian norm of <jj with respect to a C°° 
hermitian metric on Ox{Pj) respectively. Let us consider the singular volume 
form 

n .= d x. 

■ Ililkill 2 * 

on X . Then by taking the fiber integral of VI with respect to / : X — > B, we 
obtain a singular volume form j X j B ^ on B, where the fiber integral f x / B ^ is 
defined by the property that for any open set U in B, 



( / fi) = / n 

U JX/B Jf- 1 (U) 

holds. We note that the condition 2 in Theorem 18.11 assures that J X / B ^ is 
continuous on a nonempty Zariski open subset of B. Also by the condition 4 
in Theorem 18. 11 computing the differential df, we see that Kx + D is numer- 
ically /-trivial and (J x ^ B il)^ 1 is a C°-hermitian metric on the Q-line bundle 
K B + A. Thus the divisor A corresponds exactly to singularities (poles and 
degenerations) of the singular volume form j x , B VI on B. 

8.2 Proof of Theorem Q 

Let o~ be a multivalued holomorphic section of D with divisor D. Let h be the 
supercanononical AZD (|Ts9|) of K x or any AZD constructed in the proof of 
Theorem 12. 131 Let dV be a C°° volume form on X and let 

* := log h a (a,a) 

Let dF[^I / s] be the residue volume form on S defined by 

dV[9] = Ressie'^dV). 



51 



Let 

n:Y — > X 

be a log resolution of (X, D). Then by the assumption there exist irreducible 
components of 7r _1 (5') with discrepancy —1 which dominates S. We divide the 
proof into the following two cases. 

1. There exists a unique irreducible component of 7r _1 (5') with discrepancy 
— 1 which dominates S. 

2. There exist several irreducible components of 7r _1 (S) with discrepancy —1 
which dominate S 

In the first case, the residue volume form e/V[\I>s] is not identically +oo on S. 
In the second case the residue volume form dV^s] is identically +oo on S. We 
shall reduce this case to the first case above by a minor modification. 
First we shall consider the first case. Let 

w.F — > S 

be the restriction of ir to F. We shall write 

n*(K x + D) = K Y + F + E, 

where Supp(-F + E) is a divisor with normal crossings and F and E have no 
common divisorial component. We set G :— E \p. Then we have that there 
exists a Q-divisor L on S. 

K F + G = m*(K s + L). (16) 
Now we shall apply Theorem 18.11 and obtain that 

L- A 

is nef, where A is the Q-divisor on S defined as in Theorcm l8.ll We note that A 
is effective in this case, since S is smooth. Let cta be a multivalued holomorphic 
section of A on S with divisor A and let hjs. be a C°° hermitian metric on A. 
Let dVs be a C°° volume form on S. Then by the definition of there 
exists a positive constant C such that 

dV~ a ■ h~ a 
dV[V] ^ C ■ — ■ dV s 

"A (OA, CAj 

holds on S. We set 

' p = l0S dvWY 

Then by the above inequality, we have that 

e~ v ■ h a <; C ■ dV~ a ■ — — ^ r (17) 

'ia(o'AjO'a) 

holds. 

Let d be a positive integer greater than a. By (fT6| . ([T7|) and the facts that 
L — A is nef and K$ is pseudoeffective, we see that (1 + d)Kx \s admits a 
singular hermitian metric with semipositive curvature current which dominates 
e~ v ■ (dV |s) _1 • h d . Let Ha be a C°° hermitian metric on A with strictly positive 

curvature. Then ((1 + d)K x + \ s ,e~ v -(dV \ s )~ 1 -h d -h%) is big and admits 
an AZD hs, m - By Theorem ll.31 we have the following lemma. 
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Lemma 8.3 Let A be an ample line bundle on X. For every positive integer 
m, every element of 

H°(S, O s ((m + 1)(1 + d)K x +A)® l(e' v ■ h d ■ h^ J) 

extends to an element of 

H°(X,O x ((m + 1)(1 + d)K x + A) ® Z(fc< 1 +«0( m + 1 ))). 

□ 

On the other hand by (fT?|) . we have that there exists an inclusion 
H°(S, O s ((m + 1)(1 + + A) <g> i^m+iJCd-a) . ^ A ( CTA) aA )-i)) ^ 

iT°(S, O s ((m + 1)(1 + d)K x + A) ® X{e~* ■ h d ■ fcgj) 
for every m ^ 1. Since L — A is nef and 

+ |f~q m*{K s + L) 

holds, if we take a sufhenctly ample line bundle B on X , there exists an inclusion 

H°(S,O s {(m + l)K s + A)) ^ 

H°{S, O s ((m+l)(l+d)K x +A+B)(g>l(h( m+1 K d - a ^h A (a Al a A )-( m+1 *>)) 
for every m ^ 1. Hence by dTTJ), we see that there exists a natural inclusion 

H°(S, Os((m+l)K s +A)) ^ H°(S, O s ((m+l)(l+d)K x +A+B)^l{e- v -h d -h^ m ))). 

By the above inclusion and Lemma 18.31 we obtain an injection 

H°(S,O s (mK s + A)) ^ 

Im&ge{H°(X, O x (m(l + d)K x + A + B))^ H a (S, O s (m(l + d)K x + A + B))} 
for every m Si 1. 

Next we shall consider the second case, i.e., there are several divisorial com- 
ponent of discrepancy —1 of ir* (K x +D) which dominates S. Let A be an ample 
divisor on X as above. We may assume that Supp R contains all the component 
of tt*D. Let us (X,D) by (X, (1 + 5(e)) (D - eR)) where 1 + 6(e) is the log 
canonical threshold of D — eR along S. Then perturbing the coefficients of R, 
if necessary, we may assume that there exists a unique irredicible divisor with 
discrepancy —1 over S Let £ be a sufficiently positive integer such that £A' is 
a very ample Cartier divisor and let {r , ■ ■ ■ , tn} a basis of H°(X, ir^Oy (£A' j). 
Then we modify ^ as 

1 N 

^ := i + ^/M {los " a(fT ' a) + ^ l0 *£>i(^))}' 

where the parameter e is a positive number less than 1. Then by the choice of 
R, we see that dV[\I/ m ] is not identically +oo on S. As Lemma 1531 for every 
ample line bundle A on X, we can extend every element of 

H°(S, O s ((m +!)(! + d)K x + A) ® X( e -<*» ■ h d ■ hfj) 
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to an element of 

H°(X, O x {m(l + d)K x + A) ®l(h m )) 

for every m ^ 1, where hg^ m is an AZD of 

((1 + d)K x + ±A, e~ Vm • (dV \ s )~ 1 ■ h d ■ h™) Then replacing ip by ip m and 
tracing the proof of the first case, if we take a sufficiently ample line bundle B 
on X and take e sufficiently small, again we obtain an injection 

H°(S,O s (mK s + A)) ^ 

Im&ge{H (X,Ox(m{l+d)K x +A+B)®l(h m )) -> H°(S,O s (m(l+d)K x +A+B))} 
for every m ^ 1. Hence we obtain that 

v{{K Xl h) |s) ^ v{K a ) 

holds. This completes the proof of Theorem 11.41 □ 

9 Proof of Theorems 11.21 and 11.61 

Let M, S, (L,Jil), *&s, dV, ip be as in Theorem II .21 By the assumption 

(Kx + L |s, ■ dV^ 1 ■ Hl |s) is weakly pseudoeffective. We set n := dimS 1 . 

9.1 Dynamical construction with a parameter 

Let A be an ample line bundle on X and let Ka be a C°° hermitian metric 

on A with strictly positive curvature. Then we see that (Kx + L + jA \g 
i 

,e~ v - dV^ 1 ■ %l ■ h\ |s) is big for every I > 0. The main idea of the proof of 

Theorem rOI is to extend an AZD of (K x + L + \A \ s , e~ v -dV^ 1 ■ h L ■ h\ \g) to a 
singular hermitian metric of Kx+L + jA of semipositive curvature current with 
uniform estimates with respect to the parameter I. And prove the normalized 
convergence as I tends to infinity. 

Let hg be an AZD of (Kx+L \g, e"^ '-dV^ 1 -h^ \g) with minimal singularities. 
Then as in Section 7.2, we construct an AZD on (Kx + L + jA |s, e - ^ • dV^ 1 ■ 

|s) by using the dynamical system of Bergman kernels as 

i 

where {(Jq^' 1 ^, ■ • ■ , ^jy/^n} is an orthonormal basis of 

H°(S, Os(K x + L + A |s) ® T(h s )) 
with respect to the inner product: 

(er, a') := [ a ■ a' ■ dV- 1 ■ h L ■ h A ■ dV[^g]. 
Js 

And we define 

ht,i := — . 
Ke,i 
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Suppose that we have already defined the singular hermitian metrics {hi > \ 1 • • • , /i£, m _i}, 

where hij (0 ^ j ^ to — 1) is a singular hermitian metric on 

j(Kx + L) + (1 + [j/£\)A respectively. Then we define Kg iTn and hg, m by 

N(t,m) 

Ke, m := J2 Wf' m) ? 
where {a^' m ^ , • • • , <?jv(Tm) } * s an orthonormal basis of 

7 



H°(S, O s (m(K x +L) + (1+ LyJ)A | s ) ® !(/#)) 



with repect to the inner product 

(a, a') := / a • a' • dV' 1 ■ h L ■ fc^l-r^l) . ^ ^ . dV ^ s ^ 
Js 

and we define the singular hermitian metric on m(Kx + L) + (1 + [jr\)A \s by 



In this way we construct the dynamical system of Bergman kernels {Kg ym } and 
the dynamical system of singular hermitian metrics {/i^ TO } repsectively with the 
parameter £. 

9.2 Upper estimate 

We set 

<U, m = dimH°(S,O s (m(K x + L) + (1 + [j\)A) ® !(/#)). 

We shall fix a C°° hermitian metric hL,o on L. In view of the proof of Lemma 
6.2, we see that there exists a positive constant C independent of £ and to such 
that 

Kt,m+i = C ■ dg. m ■ Kg^m ■ dV ■ h^ Q ■ h A ^ e ^ 

holds. Then summing up the estimates, we have that 

m— 1 

Kt, m S C a ■ r- 1 • ( H dtj) ■ h A (1+l ^ n ■ dV m ■ hi™, (18) 
j=l 

where Co is a positive constant such that 

K iA <: Co ■ h~ A x ■ dV ■ h^ 

holds on S. We note that by the definition of (Kx + L + \A \g, h$ ■ h\) n (see 
Definition 1X21) . 

( m \ m 1 1 

(m!)-" • Yl d e>j ^-(K x + L + -A |s, h s ■ h\) n (19) 
'— 1 J 71. t 
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holds. Hence combining (|18[) and (fH?)) . we see that 



JQ )00 := limsup W(m\)- n K e ,m (20) 
^ £ • (JT* + L + jA | s , /is • 4)" ' ^ ' &Z,o ' 



hold. 



9.3 Lower estimate 

Now we shall estimate -K^ >m from below. Let v denotes the numerical Kodaira 
dimension of {Kx + L \s, hs). Let V be a very general smooth complete inter- 
section of (n — v) members of | A \g\ such that 
{K x + L\ s ,hs) v -V >0. 

Then as in the proof of Lemma IB~4l in Section ROl we see that 



limsupf' 1 " 1 '- ^.oo ^ (21) 

holds. Here the factor l n ~ v appears by the decay of the curvature of <dh s + 
£~ 1 Qh A along V in the normal direction of V. Let hy be a singular hermitian 
metric on Kx + L | y such that 

1. hy = hs\v holds on V. 

2. @hv i s strictly positive everywhere on V. 

Then by repeating the proof of Lemma 16.41 we see that there exists a positive 
constant C £ depending only on < e < 1 such that 

limsupr-"- K i>00 ^ C e ■ (h v ■ h s ly-'r 1 (22) 

e^oc 

holds on V. 

9.4 Completion of the proofs of Theorems 11.21 and 11.61 

Let us set 

K s ,oo := limsup ({{K x +L+\A,h s - fti)*} -1 • 
<-»oo V <- 

Then since there exists a positive constant Co such that 

(^+£+^ ! ^-4r^co-(^ J 

holds by the assumption, by (f2"U|) and |2T|) . we see that Ks,oo exists on S 1 and 
nonzero and by (|22|) . moving V, 

^S.oo '= the lower envelope of 



is an AZD of (if* + L | S) ■ dV' 1 ■ h L ). 
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Repeating the argument in Section 17.21 we may extend Ki t00 to Ki jOQ on X. 
Then we set 

K s ,oc := hmsup ({{K x + L+ -.A \ s , h s ■ 4)"}^ ' (Kt,<S) 

and 

hs.oo '■— the lower envelope of — 

Ks.oa 

exists. By the construction, it is clear that 0^ s is closed semipositive in the 
sense of current. Then we see that 

hs,oo \sS h S ^oo 

and hs,^ |s is an AZD of (K x + L \ s , ■ dV^ 1 ■ h L ). 
Then by Thcorcm l2.261 we may extend every element of 

H°(S, O s (m(K x + L)) ®I(e~ v ■ h L ■ ft*" 1 )) 

to an element of 

H°(X, O x (m(K x + L)) ® l(h L ■ h™^ 1 )). 
This completes the proof of Theorem 11.21 □ 

Proof of Theorem 11.61 The proof of Theorem 11.61 follows from the combi- 
nation of the proof of Theorem 11.41 and the above argument of eliminating A. 
□ 
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